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An Interpolation Process on Weighted (0;0,1,2)-Interpolation on Laguerre Polynomial
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Abstract: In the present paper ,we have considered the problem in which {}ita and {63t the
two sets of interscaled nodal points on the interval [0,00) . Here we deal with the problem in
which function values are prescribed at the zeros of Li(x) and the first derivative values are
prescribed on the zeros  Li '(x) .We have investigated the existence , uniqueness explicit
representation of interpolatory polynomial . Estimation of the fundamental polynomials leading
to a convergence theorem have also been obtained.
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Introduction

Pal [10],Mathur P. and Datta S. [8] and many other authors [1][2][6][7] [12] [14] have discussed
about various kind of interpolation problems. . In 1975 Pal [10] proved that when the function values
are prescribed on one set of n points and derivative values on other set of n-1 points , then there exist
no unique polynomial of degree < 2n-2 , but prescribing function value at one more point not
belonging to former set of n points there exists a unique polynomial of degree < 2n-1. Lénard M. [5]
investigated the Pal — type interpolation problem on the nodes of Laguerre abscissas.In this paper we

study P4l — type interpolational polynomial with @n+k(X) = 2 L3 (3).we have examined the
existence,

uniqueness ,explicit representation and estimation of fundamental polynomials of such special
kind of mixed type of interpolation on interval [0,0) . For this we have considered the problem
in which {§i}i=1 and {§i3}i=1 the two sets of interscaled nodal points.

(11) 0S&<E <& < <y <& <& <o
on the interval [0,0) . We seek to determine a polynomial Rn(x) of minimal possible degree 3n+k
satisfying the interpolatory conditions :

12 R =g, RED=9gi R ED =9, RGD)=g", fori=1(n
13  RYG) =g, i=01,..k

* KK

- 0l . . (k)
where 9i » 9i» 9i » 9i and g5~ gre arbitrary real numbers. Here Laguerre polynomials Lz~ (*) and

(k-1) * . . .
Ly (%) have zeroes {§i}i=1 and i }i=1 respectively and xo= 0 . We prove existence, uniqueness ,
explicit representation and estimation of fundamental polynomials.

Preliminaries

In this section we shall give some well-known results which are as follws :

As we know that the Laguerre polynomial is a constant multiple of a confluent hypergeometric
function  so the differential equation is given by
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(2.1) xD*Li(x) + (1 + k — x)DL (x) + nlf(x) = 0

2.2) LV ) = -1, (@)

Also using the identities

(2.3) LY (x) = LS () = L P (x)

4y '@ =nL@ - @+ LY, (0

We can easily find a relation
d _ -
25  mEE@] =0+ LT @)
By the following conditions of orthogonality and normalization we define Laguerre polynomial

L% (x),

for k>-1
2.6) [ e x L)LY ()dx = Tk + 1) (") 8 nm=012,...
27 P = (n+k)< i

The fundamental polynomials of Lagrange interpolation are given by
L)

[i(x) = 7 =& ;
28 1 ()exy)
LD )
( ) f( ) Lglk—l) (xj)(x_x}_) L]
k-1
i (k*i?’ . (y[) . i :’tj
(2.10) f} (J’j) _ )Ly . ()wi-¥) ij = 1(Dn
_( Y i :j
Zyj
D) P

2.12) L(y) = T W
(2.12)  §(y) (yj—xj)[Lﬂ‘) p L) @px), j=1(1n

k
For the roots of L (%) we have

2 K2 ) _
(2.13)  xp~=H2.14) n(x)|5n (x)| = 0Mwheren(®) is the weight function

IS|LE |~ 0 <y = Qn =123,

_k_1 k_1
X 240(712 4), cml<x<0

o(nk), 0<x<cn?

(2.16) L (x)| = !
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New Result

dok ok

Theorem 1 : For n and K fixed positive integer let £9i}i=1 - {9i}i=1 - {9i }i=1. {90 =1 and |

Uk
{95 Y=o are arbitrary real numbers then there exists a unique polynomial R» (%) of minimal possible
degree < 4n+k on the nodal points (1.1) satisfying the condition (1.2) and (1.3). The polynomial
Ryn(X) can be written in the form

(B.1)  Ru(x) = X, U;(0g; + Xy V,(0g) + X W (0 g + I, X;(0g;" + Zho €0 g

where Uj(¥) Vi(x) Wj(x) X;(xang Ci(*X) are fundamental polynomials of degree < 4n+k
given by

(32) U(x) = 2oyt b heo
. fi —_

x (DL ()2
_ G PLE ) (3y;—-3k+2) ]
3.3) Vi(x) = y§k+1)L(Tic)(yj) [1 (x yj){ 2y, + (01 + 02)(’5 yj)}
X P 1060 LV [y (k=y ) (x-y))]
)
e¥ ik 41 15 (x) 10w pE Ve
(3.3) X)) = —
2 Py Y gpp
(3.6)  C(x) = p X [LE@PLE V)P +xKLP () LV @017 [ -
Jj=01,.,k-1
1
G760 = KILE ()[Ly ™ (0))2

where P (%) and 9(*) are polynomials of degree at most k-j-1 . & is defined in (4.14)

(34) W) =

LK p; (0 +q,; (0L ()
xk=J !

Ly Ly P 0] ?

Theorem 2 Let the interpolatory function /: R = R be continuously differentiable such that,
C(m) = {f(x): f is continuous in[0, ), f(x) = O(x™)as x - co;m = 0 is an integer}
Forevery f € C(m) anda =0, Then

(3.8) Rn(x) =3, ,(x)g,+z, _ V(0 + I W) g + X X (09 + T G () gy

satisfies the relation

(3.9) IR, (x) — f(x)| = O (n’?“z) w(f, ) for 0 <x < en~!
3.10)  |R,(x)—f(x)| =0 (ng)w (F.2n). for cnl<x<Q

where ® is the modulus of continuity.

Proof of Theorem 1

Let Ui(x) V;(x) Wj(x) X;j(x) and Ci(*) are polynomials of degree < 4n+k satisfying conditions
4.1),(4.2),(4.3), (4.4) and (4.5) respectively.

584



An Interpolation Process on Weighted (0;0,1,2)-Interpolation on Laguerre Polynomial

r 0
Uj(x;) = {1 for

(4.1) 4 and

i#j

i=j

PV ()]imy, =0,

’ 'Uj(yl) = 0:

Ui'(y) =0

U’ (0) =0,

i=1(n and 1=01,..,k
0 i=j
Vi(x;) =0, Vi(yp) = {1 for - V'(yi) =0
(4.2) and
POV ()]i=y, = v =0,
i=1(1)n and l=01,..,k
r 0 i#j
W;(x;) =0 W;(y;) =0 Wi (v) = {1 for =
(4.3) { and
[ewW],_, =0, w0 =0,
w
i=1(1)n and 1=01,..,k
( Xj(xt)zo ’ X;(}’a)=0: X}’(J’a)=0 »
and
(4.4) $
0 i#] o
[ﬂ(x)X M]y=y; = { for - Xi7(0)=0
i=1(1n and 1=01,..,k
Ce(xp) =0, G =0, C'(v) =0,
and
(4.5) O 0 i#j
[p(x)ck(x)]x =y; = Ck (0) = {1 for i=j i=1(1)n
i=1(n and l1=01,..,k

To determine Ui(®) |et
(4.6)

o) = CA L o)

where Ciis a constant. b (*) is defined in (2.8) . U/(¥) is a polynomial of degree < 4n+k By using

(2.8) we determine
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1
@7 CG==—2>
1 <D0 )

Hence we find the first fundamental polynomial Uj(xX)of degree < 4n+k

To find second fundamental polynomial let
(48) V() =P LP GG + G —y)]

* - 2
+C X LY o [LY P (0]

where C2, Czand C4 are arbitrary constants. By using (2.9) and (4.2) we determine
1

(4.9) C; = yf H)L’é(y}-) s
o 3y,~3k+2
(4.10) Cy = C, and
2}';.
(4.11) €, = ——2t g,
(L~ ()
where 0y = %[ﬁ('y} +k) +Z(3y; — 5k) +2] .

=12y z2_Y —_5y—
nd Jz_yj2[4(yj+k) - (4n - 5) 2k]’

Hence we find the first fundamental polynomial V;(x)of degree < 4n+k Again let
412) W@ = XMLE@LETP 0L @[CH 00 + GLY TP (0]

Where Cs and Cs are arbitrary constants ,lj (*) is defined in (2.9) .Wj(x) is polynomial of degree
<4n+k satisfying the conditions (4.3) by which we obtain

(4.13) Cs = ! and

k k—1)
YLD o)

o (k=vj)
(4.14) Co = —
yirz 100 1D e

Hence we find the third fundamental polynomial Wj(x) of degree < 4n+k Again let
(4.15) X; () = CxK 1 ) LY O [LE D ()]
where C7 is a constant ,lj (¥) jis defined in (2.9) .Xj(x) is polynomial of degree < 4n+k satisfying the
conditions (4.4) by which we obtain
1
(4. ] 6) C‘?’ = ﬁ_'_l | 2
yE LPop D o))
Hence we find the third fundamental polynomial Xj(x) of degree < 4n+k

To find Cj(x) , we assume Cj(x) for fixed je {0,1,........,k—1}

. 2 _ 2 B 2
@17 @) = pX[LeO] [LETV )] + LP LYV (0] ga(0)
where pj(x) and gn(x) are polynomials of degree k-j-1 and n respectively . Now it is clear that
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Q) _ _ ; -
G(@=0 for (1=0,...i=Danq since L3 () =0 ang LS V) =0 we get
Cj(xi)=0and Cj(y:)) =0 for i =1(1)n . The coefficient of the polynomial p;(x) are calculated by the
system

@18) 0 = [p O P @P] =8y U=k = 1)

=

Now using the condition [p(x) C’{(x)]x=3’j =0

we get (4-19) 9n () = =) L yop; (o) , which implies gn(x) as follows
LX )P} O +q; (OLy ™ ()

(4.20) In(x) = — k-]

where gj(x) is a polynomial of degree k-j.

Using (4.17) and (4.20) we obtain Cj(x) of degree < 4n+k satisfying the conditions (4.6)

Estimation Of The Fundamental Polynomials
Lemmab5.1. Let the fundamental polynomial Uj(x), for j=1,2,...,n be given by (3.2),
then we have

k
i/2.. -k = 2
Z?:lex]/ 22| U (0| = 0(” 2)’ for 0<x<cn?

(5.1)
k

12 - _ _r
(5-2) Zje1 e U; (0] = 0 (n 2) for cnl<x<Q
where Uj(x) is given in equgtion (3.2) Proof : From (3.2) we have
(5.3) iy 122742 |U; ()

Xj/2, —kjz|,.(k+1) 1:(x) [Lﬂ"”( NE

SZ}?’=1E x, |.'JC ||}x| X

|x§k+1)| nglk—l)(xj)J—s
where Uj(x) is given in equgtion (3.2)
Thus by (5.3) and (2.16) , we get the result.

Lemmab.2 Let the fundamental polynomial Vj(x), for j=1,2,... ,n be given by (3.3), then
we have

k
s Tyl =o(n),

k
(5.5) ?zleyf'/zyj"‘/2|Vj(x)| =0 (n_E)
where Vj(x) is given in equation (5.3).

Proof : From (3.3) we have
|+ 1|2 GO LR (o)

for 0<x<cnt

for enl<x<Q

Vi(x)| <
| ;( )| y§k+1)|L$1k)(y}-)|
+ XK+ 01 o=y LS () (37 j—3k+2)
2 »(.RH)LUC) k
Yi¥j n (y])
* 2
[xF (1 OR|LE 0 loy+e2)| (x=v))
2 [yl ol
n if2., =k/2
(5.6) =1 €12y, |V

eyj/zyj—klz|xk+1|{l}(x)}3|L’f1(x)|
bl o)
Ly 7y 0P oy 3y, -3k+2)
j=1 2lyjl[y Pl o)
112y, MR (1 0P L) oy )] (e,

2 |y’ o)

S Z?:l

+Z}l:1

= {1+ (o*(3

where
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&1y ~kI2| k41| 1 ()1 LK ()|

61 - j=1 |y§k+1)||LEi<)(yj)|

on @y R k@ 0)R (e-y I (0| |3y -3k+2]
<2 - j=1 2|y,-||y§k+1)|L$f)(y,-)
Con 1y R @ P L (0 Loy +en)] (x-y))°
(3= 2j=1 2 PP,
Thus by using (5.6) and (2.16) , we yield the result.

Lemma 5.3 Let the fundamental polynomial Wj(x) , for j=1,2, ...
then we have

k
5.7) Z?:l eyjlzyj—k/zle(x)| = O(n 2) ,
(5.8) Y1 €12y T2 W 0] =

where Wj(x) is given in equation (3.4)
Proof : From (3.4) we have
| 50017 | o | 1V ly; |,
|M/J(x)| |yk+z | L"‘(y NE
[ G0 LRl =y |Lat )|
lyirz | P o

for 0<x<cnt

O(nz|,
( 2) for cn’l<x<Q

(5.9) n_eil2y k2| (x)|

12y k2| 1 L ol | 1Y ] Lyl
[yl Lk o2

S 2?:1

12y K2 |k 1| 1 o) LK 0| [ke—y;] LS 0
\y"” [P opr

+ E?:]_

=04t (s
where

e}'jIZyj—klexkﬂl [L; ()2 ‘LEP{X)H LE{"”(xJ| ly;|

(4 =
k2 |1k 2
{ _ Zn eyjfz ,-k/z|xk+1|l €9 |L (x)||k J";”Lk_l(x)l
5 — =1

Thus by using (5.9) and (2.16) , we get the result.

Lemma5.3.4 Letthe fundamental polynomial Xj(x), forj=1,2, ...

then we have

13

(5.10) S |X60] = 0 (n'i'g) , for 0<x <cnt
k

(5.11) YialXi|=0 (n‘i) , for cn <x<Q

where Xj(x) is given in equgtion (3.5) .
Proof : From (3.5) we have

,n given by (3.4) ,

,n be given by (3.5),
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12| xk41| 1) 1P )| (L P )P
3k
=41

v

(5.12) ?=1|Xj(x)| < Yimi !
| lop| s opre

By equations (5.12) and (2.16) we yield the result.
Now we state our main theorem in § 6.

Proof Of Theorem 2

We prove theorem 2 with the help of certain theorem mentioned as below :

Theorem : Let C(m) = {f(x): f is continuous in[0, x), f(x) = O(x™)as x — wo; m >0 is an
integer} Then by Szego[12] is

lim |7 GO~ H2(F, 0 =0

Forevery f € C(s)and | c (0, 0)for a>0,o0r I c (0, ©)for — 1 <a < 0. furthermore there exists

on'| (19,0} _
a function in C(m) such that diverges for @ > 0 at x=0 .As for thr rate of convergence the
following result is due to Vertesi [15]
Olw(f,nt™)); -1<a<
(6.1) |lreo — 12,2 = log\\
| ofolr )

1
az-—z

Proof of main theorem 2:
Since Rn(x) given by equation (5.2.1) is exact for all polynomial Qn(x) of degree < 4n+k , we have

(6.1) Qn(x) = X7y O () U; () + Ty Q) V5 (%)
+X On' ()W) ()
+27=1lp(0)2n (0)]5=y; X; (%)
+X_0 On (%0) G (%)

From equation (5.2.1) and (5.5.1) we get
(62)  p)If () = Ry ()| < p()If () — Qn () + p ()25 (x) — Ry ()]

< PEIFC) = €GO+ ) p(IF () = 2a(x)| U )
j=1
+ PN () = 2l G )
+ PN (1) = 2’ ()l W)
j=1
+ Eralp()2n ()=, X))
k
+ Zp(x)lf*(xo) = 0. (x0)| |G ()]
j=0

Thus (6.2) and Lemmas 5.3.1, 5.3.2, 5.3.3 and 5.3.4 completes the proof of the theorem.
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