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Abstract: In the present paper ,we  have considered the problem  in  which    and     the 

two  sets of   interscaled  nodal  points on the interval  [0,∞) .  Here we deal with the   problem in   

which function values are prescribed at the zeros of   and the first  derivative  values are  

prescribed  on  the zeros    (x) .We have  investigated  the  existence ,  uniqueness  explicit  

representation of interpolatory polynomial  . Estimation  of  the  fundamental  polynomials  leading 

to a convergence theorem  have  also been  obtained. 
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Introduction 

 

Pál [10],Mathur P. and Datta S. [8] and many other authors [1][2][6][7] [12] [14]  have discussed 

about various kind of interpolation problems. . In 1975 Pál [10] proved that when the function values 

are prescribed on one set of n points and derivative values on other set of n-1 points , then there exist 

no unique polynomial of degree ≤ 2n-2 , but prescribing function value at one more point not 

belonging to former set of n points there exists a unique polynomial of degree ≤ 2n-1. Lénárd M. [5] 

investigated the Pál – type interpolation problem on the nodes of Laguerre abscissas.In this paper  we 

study Pál – type interpolational polynomial with .we have examined  the 

existence, 

uniqueness ,explicit  representation and  estimation  of  fundamental  polynomials of  such special  

kind  of  mixed  type   of  interpolation   on  interval [0,∞) . For  this we have  considered  the  problem  

in  which   and   the two  sets of  interscaled  nodal  points. 

 

(1.1)     

on the interval [0,∞) . We seek to determine a polynomial 𝑅𝑛(𝑥)  of minimal possible degree 3n+k 

satisfying the interpolatory  conditions : 

(1.2)            

(1.3)            

where  are arbitrary real numbers. Here Laguerre polynomials   and 

  have zeroes  and   respectively and 𝑥0 = 0 . We prove existence, uniqueness , 

explicit representation and estimation of fundamental polynomials. 

 

 

Preliminaries 

In this section we shall give some well-known results which are as follws : 

As we know that the Laguerre polynomial is a constant multiple of a confluent hypergeometric 

function     so the differential equation is given by 
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(2.1)    

 

(2.2)                

 

Also using the identities 

 

 
 

(2.4)             

 

We can easily find a relation 

(2.5)           

By the following conditions of orthogonality and normalization we define Laguerre polynomial 

, 

𝑓𝑜𝑟 𝑘 > −1 

 

. 

 

 
 

The fundamental polynomials of Lagrange interpolation are given by 

(2.8)         

 

 
 

 
 

,    

 

For the roots of  we have 

 

where  is the weight function 
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New Result 

 

Theorem 1 : For n and k fixed positive integer let  and , 

 are arbitrary real numbers then there exists a unique polynomial  of minimal possible 

degree ≤ 4n+k on the nodal points (1.1) satisfying the condition (1.2) and (1.3).  The polynomial 

 can be written in the form 

 

 
 

where  ,  ,  , and  are fundamental polynomials of degree ≤ 4n+k 

given by 

 

 

 

 

 
,  

 
where  and  are polynomials of degree at most k-j-1 .  is defined in (4.14) 

 

Theorem 2  Let the interpolatory function  be continuously differentiable such that, 

 
For every  and  , Then 

 

 
satisfies the relation 

 
where ω is the modulus of continuity. 

 

Proof of Theorem 1 

Let   ,  , ,  and  are polynomials of degree ≤ 4n+k satisfying conditions 

(4.1) , (4.2) , (4.3), (4.4)  and  (4.5) respectively. 
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To determine    let 

 
where   is a constant .    is defined in (2.8) .    is a polynomial of degree ≤ 4n+k   By  using 

(2.8)  we determine 
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Hence we find the first fundamental polynomial of degree ≤ 4n+k 

To find second fundamental polynomial let 

 
 

where  , and  are arbitrary constants. By using (2.9) and (4.2) we determine 

 

 
 

and                  , 

 

Hence we find the first fundamental polynomial 𝑉𝑗(𝑥)of degree ≤ 4n+k Again let 

 
 

Where 𝐶5 and 𝐶6 are arbitrary constants ,  is defined in (2.9) .𝑊𝑗(𝑥) is  polynomial of degree 

≤ 4n+k satisfying the conditions (4.3) by which we obtain 

 
 

Hence we find the third fundamental polynomial  𝑊𝑗(𝑥) of degree ≤ 4n+k Again let 

 

where 𝐶7 is a constant ,  is defined in (2.9) .𝑋𝑗(𝑥) is  polynomial of degree ≤ 4n+k satisfying the 

conditions (4.4) by which we obtain 

 
Hence we find the third fundamental polynomial  𝑋𝑗(𝑥) of degree ≤ 4n+k 

 

To find 𝐶𝑗(𝑥) , we assume 𝐶𝑗(𝑥) for fixed   𝑗 𝜖 {0,1, … … . . , 𝑘 − 1} 

 
where 𝑝𝑗(𝑥) and 𝑔𝑛(𝑥) are polynomials of degree   k-j-1  and  n respectively  .  Now it is clear that 
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and    since      and      we get 

𝐶𝑗(𝑥𝑖) = 0 𝑎𝑛𝑑  𝐶𝑗(𝑦𝑖) = 0 𝑓𝑜𝑟 𝑖 = 1(1)𝑛 . The coefficient of the polynomial 𝑝𝑗(𝑥) are calculated by the 

system 

 

Now using the condition     

we get    , which implies 𝑔𝑛(𝑥)  as follows 

(4.20)          

where   𝑞𝑗(𝑥)  is  a  polynomial  of degree   k-j . 

Using (4.17) and (4.20) we obtain  𝐶𝑗(𝑥) of degree ≤ 4n+k satisfying the conditions (4.6) 

 

Estimation Of The Fundamental Polynomials 

Lemma 5.1.  Let  𝑡ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑈𝑗(𝑥) , 𝑓𝑜𝑟    𝑗 = 1,2, … , 𝑛 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 (3.2), 

𝑡ℎ𝑒𝑛  𝑤𝑒 ℎ𝑎𝑣𝑒 

(5.1)                            for  0 ≤ 𝑥 ≤ 𝑐𝑛−1 

for  𝑐𝑛−1 ≤ 𝑥 ≤ Ω 

where   𝑈𝑗(𝑥)  is given in equqtion (3.2)    Proof  :    From (3.2) we have 

(5.3)                 

, 

where  𝑈𝑗(𝑥)  is given in equqtion (3.2) 

Thus by (5.3) and (2.16) , we get the result. 

 

Lemma 5.2  Let 𝑡ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑉𝑗(𝑥) , 𝑓𝑜𝑟 𝑗 = 1,2, … , 𝑛  𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 (3.3) ,  𝑡ℎ𝑒𝑛  

𝑤𝑒 ℎ𝑎𝑣𝑒 

(5.4)                       for  0 ≤ 𝑥 ≤ 𝑐𝑛−1 

for  𝑐𝑛−1 ≤ 𝑥 ≤ Ω 

where  𝑉𝑗(𝑥)  is given in equation (5.3). 

Proof  :    From (3.3) we have 

 

 

 

(5.6)             

 

 

 
= 𝜁1 + 𝜁2+𝜁3 

where 
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Thus by using (5.6) and (2.16) , we yield the result. 

 

Lemma 5.3  Let 𝑡ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑊𝑗(𝑥) , 𝑓𝑜𝑟 𝑗 = 1,2, … , 𝑛 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 (3.4) , 

𝑡ℎ𝑒𝑛  𝑤𝑒 ℎ𝑎𝑣𝑒 

(5.7)                       for  0 ≤ 𝑥 ≤ 𝑐𝑛−1 

for  𝑐𝑛−1 ≤ 𝑥 ≤ Ω 

where  𝑊𝑗(𝑥)  is given in equation (3.4) 

Proof  :    From (3.4) we have 

 

 
 

 
Thus by using (5.9) and (2.16) , we get the result. 

 

Lemma 5.3.4   Let 𝑡ℎ𝑒  𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑋𝑗(𝑥) , 𝑓𝑜𝑟 𝑗 = 1,2, … , 𝑛  𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 (3.5) , 

𝑡ℎ𝑒𝑛  𝑤𝑒 ℎ𝑎𝑣𝑒 

 
 

where  𝑋𝑗(𝑥)  is given in equqtion (3.5) . 

Proof  :    From (3.5) we have 
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By equations (5.12) and (2.16) we yield the result. 

Now we state our main theorem in § 6. 

 

Proof  Of   Theorem 2 

We prove theorem 2 with the help of certain theorem mentioned as below : 

Theorem :  Let 𝐶(𝑚) = {𝑓(𝑥): 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑖𝑛[0, ∞), 𝑓(𝑥) = О(𝑥𝑚)𝑎𝑠 𝑥 → ∞; 𝑚 ≥ 0 𝑖𝑠 𝑎𝑛 

𝑖𝑛𝑡𝑒𝑔𝑒𝑟} Then by Szego[12] is 

 
For every 𝑓 ∈ 𝐶(𝑠) and I ⊂ (0, ∞)𝑓𝑜𝑟 𝛼 ≥ 0 , or 𝐼 ⊂ (0, ∞)𝑓𝑜𝑟 − 1 < 𝛼 < 0 . furthermore there exists 

a function in C(m) such that  diverges for 𝛼 ≥ 0 at x=0 .As for thr rate of convergence the 

following result is due to Vertesi [15] 

0 

Proof of main theorem 2: 

Since 𝑅𝑛(𝑥) given by equation (5.2.1) is exact for all polynomial 𝒬𝑛(𝑥) of degree ≤ 4n+k , we have 

 
 

From equation (5.2.1) and (5.5.1) we get 

 

 
 

Thus (6.2) and Lemmas 5.3.1 , 5.3.2, 5.3.3 and 5.3.4 completes the proof of the theorem. 

 

  



An Interpolation Process on Weighted (0;0,1,2)-Interpolation on Laguerre   Polynomial 
 

590 

References 
 

1. Balázs, J. and Turán .P. , Notes on interpolation, II. Acta Math. Acad. Sci. Hunger., 8 (1957), pp. 

201-215 

2. Balázs, J., Weighted (0; 2)-interpolation on the roots of the ultraspherical polynomials, (in 

Hungarian: Súlyozott (0; 2)-interpoláció ultraszférikus polinom gyökein), Mat. Fiz. Tud. Oszt. 

Közl., 11 (1961),   305-338 

3. Balázs, J..P. , Modified weighted (0,2) interpolation, Approx. Theory, Marcel Dekker Inc., New 

York, 1998, 1-73 

4. Chak, A.M. and Szabados , J. : On (0,2) interpolation for Laguerre abscissas, Acta Math. Acad. 

Hung.  49 (1987) 415-455 

5. Lénárd , M. : Pál type- interpolation and quadrature formulae on Laguerre abscissas, Mathematica       

Pannonica 15/2 (2004), 265-274 
6. Lénárd, M., On weighted (0; 2)-type interpolation, Electron. Trans. Numer. Anal., 25 (2006),       206-223. 

7. Lénárd, M., On weighted lacunary interpolation, Electron. Trans. Numer. Anal., 37 (2010),      

113-122. 

8. Mathur, P. and  Datta S., On Pál -type weighted lacunary (0; 2; 0)- interpolation on infinite 

interval       (-∞,+∞), Approx. Theor. Appl., 17 (4) (2001), 1-10. 

9. Mathur, K.K.and Srivastava, R.: Pál –type Hermite interpolation on infinite interval, J.Math. 

Anal.        and App. 192, 346-359 (1995) 
10. Pál L. G., A new modification of the Hermite-Fejér interpolation , Anal. Math., 1 (1975), 197-205 [11] 

Prasad , J. and Jhunjhunwala ,N. : Some lacunary interpolation problems for the Laguerre abscissas,        

Demonstratio Math. 32 (1999), no. 4, 781-788. 

11. Szegö G., Orthogonal polynomials,Amer. Math. Soc.,Coll. Publ., 23, New York, 1939 (4th ed.1975). [13] 

Szili, L. ,Weighted (0,2) interpolation on the roots of classical orthogonal polynomials, Bull. Of Allahabad 

Math. Soc., 8-9 (1993-94), 1-10. 

12. Srivastava, R.and Mathur, K.K.:weighted (0;0,2)- interpolation on the roots of Hermite 

polynomials,  Acta Math. Hunger. 70 (1-2)(1996), 57-73.. 

13. Xie ,T.F., On ] P l’s problem, Chinese Quart. J. Math. 7 (1992), 48-2. 


