Solving the system of nonlinear equations in vibrations of triple walled carbon nanotubes: Variational
iteration method

Turkish Online Journal of Qualitative Inquiry (TOJQI)
Volume 12, Issue 3, June 2021: 4118-4128

Research Article

Solving the system of nonlinear equations in vibrations of triple walled carbon nanotubes:
Variational iteration method

R. Vanaja!, S. Padma?, and L. Rajendran®”

Abstract

Mathematical modelling of nonlinear vibrations of triple-walled carbon nanotubes is discussed.
This model is based on the system of nonlinear second-order equations. This paper presents the
variational iteration method (VIM) to evaluate the nonlinear vibrations of triple-walled
nanotubes embedded in an elastic medium. This method is a very effective and efficient method
for solving various forms of linear and nonlinear differential equations in different fields. The
analytical results are compared with simulation results ( Matlab program), and satisfactory
agreement is noted.
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1. Introduction
One of the important carbon nanotubes (CNTSs) applications is as nano pipes conveying
fluids [1]. Different types of fluid flows such as water, transient oil flows, dynamic flow of
methane, ethane and ethylene molecules, and the diffusive transport of light gases had been
reported. The effects of two types of nonlinearities are geometric nonlinearity and nonlinearity
of the van der Waals force on the transverse vibration in CNTSs [2].

It is well known that most scientific phenomena are modelled by ordinary or partial
differential equations. Analytical solutions of these equations may well describe the various
phenomena in science and nature, such as vibrations, solutions and propagation with a finite
speed. Khader et al. [3] investigated a multiple-beam model with the Van der Waals interlayer
pOWers.
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The governing equations of each layer are coupled with those of its adjacent ones. The
amplitude-frequency curves of single-walled, double-walled, and triple-walled carbon nanotubes
for large-amplitude vibrations are obtained. Khader et al. [3] studied the effect of changes in
geometrical parameters of the nanotube using HAM.
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Fu et al. [4] studied the continuum mechanics and a multiple-elastic beam model for
nonlinear free vibration of embedded multiwall carbon nanotubes. By using the incremental
harmonic balance method, the iterative relationship of nonlinear amplitude and frequency for the
double-wall nanotube are expressed. Fang et al. [5] examined the nonlinear free vibration of
double-walled carbon nanotubes based on the principle of nonlocal elasticity. The nonlinear
equations of motion of double-walled carbon nanotubes are derived using Euler beam theory and
the Hamilton principle, with geometric nonlinearity of the von Karman form and nonlinear van
der Waals forces taken into account.

Siddiqui et al. [10] discussed analytic approximations of a nonlinear problem that occurs
in the thin film flow of a third-grade fluid using the variational iteration method and the
Adomain decomposition method. Our work in this paper focuses primarily on the recently
developed variational iteration method [6-9].For applied sciences, this method that accurately
measures the solutions in a series form or in an accurate form is of great interest. The key benefit
of this method is that the approaches are capable of significantly reducing the size of
computational work while still preserving the numerical solution's high accuracy. Khader et al.
[3] studied the effect of changes in geometrical parameters of the nanotube using HAM.In this
paper, we present the variational iteration method (VIM) to evaluate the nonlinear vibrations of
triple-walled nanotubes embedded in an elastic medium.

2. Mathematical formulation of the problem

Consider the TWNT of length I, Young’s modulus E, density #, cross-sectional area Aj, and
cross-sectional inertia moment I;, embedded in an elastic medium with material constant k. The
nonlinear vibration equation for this TWNT is in the following form [2,3]

AW, (='El )Wt E w0 -Sw, @) =0

at o o VOt g WP -0 =0 (1)
d’W, (t) , ( 7°El, + 8 )W t) + W 1) — W, (t) - 2w, (t) = 0
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Where Wi, W Waare vibrations of the it tube on the neutral axis, where i is the coefficient of
the Van der Waals force between the (i) tube and the (i-1%") tube. By substituting the following
dimensionless parameters.
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Egs. (1)-(3) can be transformed to the following dimensionless nonlinear system.
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The initial conditions are

x(0) = X,, y(0)=X,, z(0)= X

x'(0)=0, y'(0)=0,z'(0)=0. 9)

3. Analytical expression of vibration of the string using variational iteration method
To illustrate the basic idea of He’s variational iteration method [6-8], we consider the following
nonlinear functional equation:

Lx(t) + Nx(t) = g(7) (10)

where X(%) s a linear operator, NX(7) a nonlinear operator and 9(Dan in homogeneous term.
He et al.[9] suggested a method of general Lagrange multiplier. Then, we can construct a correct
functional as follows:

06 = 3,()+ [ 249) (L () N, (2) ~ g (), (1)

where 0 Is a Lagrange multiplier that can be identified optimally via the variational theory [7-
9]. The subscript n denotes the nth approximation, and *n Q) is considered to be restricted
variation, that is, 6% (7) :0. In this method the Lagrange multiplierk(s) is first determined
optimally. The successive approximation Xn+1(7)’n20’, of the solution X(%)can be readily

obtained by using this determined Lagrange multiplier with any selective function XO(T).

X(r) = lim x, (7).
Consequently, the solution is given by n—o for the convergence criteria and error
estimates of the VIM we refer the reader to [7-12]. According to the variational iteration method,
we can construct correction functional of Eqns.(5)-(7) as follows:

X .. () =X (z) + jﬂ(s)(xn" (s)+ ABx, (s)+a A(x,(s))’ — AB,y. (s))ds (12)
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Yoa(7) = Yo (2) + fz(sxyn" (5)+ AB,Y, (5) + 2 A(Y,(5))' = ABB,X,(5) - ABB,z,(s))ds  (13)

2, ()=2,(0) + [ A(5)(2, (9)+ ABZ,(8)+ @ Az,(5)f — An By, (5))ds (14)

With A(s) = (s—t) .We start with the initial guess x,(z) = X in the above iteration formula and
obtain the following approximate solutions:

X (7) = X, (15)
Putn =0in Eqg. No.(12)

X(7) = %(7) + [ (s =1)(% () + ABX, (5) + @ A(%,(5)) — AB, Y, (s))ds

=%, (7) + j(s —t)(ABX, +a A(X, )’ — AB,X,)ds

_ X, —%(Ale1 ra AXS - AB,X, ) (16)
Putn=1in Eqg. No.(12)

(6= %) + [ (s=0% (5)+ ABX,(8)+ & Al (5) — AB,y,(5))ds

=x,(7) +%(| — AB,X, — aAX ]l + AB,X, )
an

2 3
+ 2 (ABJ +30AX2 - AB,)rt - EAXA o @ AL g
24 448

Similarly, from the initial conditions (9) we get
Yo(7) =X, (18)
Putn =0 in Eqg. No.(13)

(2) = Vo) [ )Yy (6) + AB,Y, () + & Ay ) ~ AB B, () — ABB,Z,(s))ds

:Xz—%(ABSXZ+aAX23—AﬂBZX1—AﬂBZX3)rZ (19)

Putn =1in Eqg. No.(13)

Y, (1) = Y,(7) + j/”t(s)(ylu(s) + AByY,(s) +ar A(y,(5))’ — AB B, (5) ~ ABB,z,(s))ds

= y,(z) +%(m — AB,X, —aAX? + ABB,X,) 7’
(20)
a AX,m* ¢ aAm®
— T + T
40 448

. 2—14(A83m +30AXZm - AB,(n 1))’

Using the initial conditions (9) we get
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ZO(T) =X,
Putn =0 in Eqg. No(14)
2,(r) = 2y(7) + J‘/i(S)(ZOH(S) +AB,zy(7) + & A(Zo (7))3 —AnB,y,(r))ds
0

B 1 3 2

=X, —E AB,X;+a AX; - AnB,X,)r
Putn =1in Eq. No. (14)

2,(0) = 2,(2) + [ A(5)(2, (9) + ABz,(£) + e Alzy(6) — An By, (0))ds

= 2,() +%(n — AB,X, — aAX? + A B,X,) 7’

aAX,n* o aAn®
- T+ T
40 448

+ 2—14(AB4n +30AX2n— A B, m)ct
By considering the two iteration we get
X(7) = %,(1) Y(@) % ¥,(2) 2(2) ~ 2,(7)

4. Validation of analytical results with simulation results

Variational

(21)

(22)

(23)

(24)

Tables.1-3 represents the comparison between numerical and analytical results. Also, the
average relative errors are given in the respective tables. From Tables.1-3 it is confirmed that the
variational iteration method is the effective method for obtaining the analytical expressions for

the vibration amplitudes in a TWNT. The error percentage is less than 3.

Table 1: Comparison of analytical result (Eq.No.(17)) of vibration x with numerical results

when

a=025A=1B =01B,=01X, =1

X, =1 X, =11 X, =12 Xy =15 Xy=2
7 | Numeri | VI | Err | Nume | VI | Err | Nume | VI | Err | Nume | VI | Err | Nume | VI | Err
cal M |or |rical M | or |rical M |or |rical M |or |rical M |or
1.0 | 0.0 1.1 | 0.0 1.2 | 0.0 15 | 0.0 2.0 /0.0
0 | 1.000 00 |0 1.100 |00 |O 1.200 00 |0 1.500 00 |0 2.000 00 |0
0
. 09 |17 10 | 1.7 | 1.155 é‘ll 2'2 1.390 éf i'g 1.790 éf 3'3
2 | 0.978 95 |0 1.074 |93 |8
0
) 09 |27 1.0 | 3.0 | 1.109 41141 2'1 1.310 242 2'5 1.644 é45 2'6
4 |0.954 80 |0 1.041 |73 |8
0
. 09 |26 1.0 |31 | 1.080 (1):91 2'6 1.255 1'12 2'5 1.547 3'45 3'8
6 | 0.931 55 |7 1.007 |38 |2
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0
. 09 |14 0.9 |09 | 1.040 é‘lo (1)'0 1.225 3'51 2'4 1.492 ;54 3'4
8 | 0.907 20 |3 0981 |91 |8
08 | 1.0 09 |27 09 |18 1.1 |32 14 |20
100884 |75 |5 |0955 |20 |9 |9992 |74 |4 |14 175 [0 |1470 |45 |3
Average
error 1.59 1.96 1.81 2.58 2.71
Table 2 :Comparison of analytical result (Eq. No.(20)) of vibration y with numerical results
when a=025p=1,A=1B,B,=1X, X, =1
X, =1 X, =11 X, =12 X,=15 X,=2
_ | Numer | VI Err | Nume | VI | Err | Nume | VI | Err | Nume | VI | Err | Nume | VI | Err
ical M or | rical M |or |rical M |or |rical M |or |rical M |or
1.00 | 0.0 1.1 [ 0.0 1.2 | 0.0 15 | 0.0 20 | 0.0
0 1.000 0 0 1.100 w0 |o 1.200 0 o 1.500 0 |o 2.000 0 |o
0
3.0 11 |26 12 | 1.2 14 |27 1.8 |23
.2 1.061 1.02 5 1.142 12 |8 1.222 07 |o 1.530 87 |9 1.899 51 |9
0
1.07 | 2.9 1.1 |25 1.2 |23 15 (29 18 |18
.4 1.108 5 1 1.196 65 |6 1.279 29 |6 1.562 17 |o 1.850 17 lo
0
1.14 | 2.7 1.2 |27 12 |29 15 |34 17 |34
.6 1.178 5 y 1.246 12 |2 1.325 86 |0 1.588 33 |5 1.827 63 |9
0
1.2511.9 12 |24 1.3 |26 15 | 3.0 1.7 | 3.8
é 1.275 0 4 1.324 92 |s 1.364 28 |8 1.605 56 |9 1.816 45 |9
137 | 1.0 13 (11 13 |21 15 |14 1.7 | 4.7
1 1.361 5 3 1.405 89 |7 1.415 81 |9 1.610 87 |o 1.813 28 |2
Average
error 1.94 1.93 1.89 2.27 2.71
Table 3: Comparison of analytical result (Eq. No.(23)) of vibration z with numerical results
when & =0.25p/=1n=1,A=1B,,B,,B;=2,X,,X, =1
X3 :1 X3 :12 X3 :14 X3:1-7 X3:2
7 | Nume VIM Err | Nume | VI | Err | Nume | VI | Err | Nume [ VI | Err | Nume | VI | Err
rical or | rical M |or |rical M |or |rical M |or |rical M |or
1.00 [ 0.0 1.2 100 14 0.0 1.7 {0.0 [ 2.000 |20 |0.0
01000 |O 0 1.200 (00 |O 1400 (00 |O 1.700 {00 |O 0 00 |0
0
. 2'07 2'8 12 |07 14 | 1.0 17 |35 12030 |20 |14
2 | 1.107 1254 |65 |3 1435 |50 |5 1784 |21 |7 7 o1 |7
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0

. (1)'30 (1)'7 14 |16 16 |11 1.8 |29 | 2059 |20 |27

4 |1.278 1429 |53 |7 |1583 |01 |3 |1.855 |01 |0 |4 02 |9

0

. 2'64 %‘9 1.7 | 3.2 18 |15 1.8 |31 |2.079 |20 |36

6 | 1.598 1695 |51 |8 |1.824 |53 |5 |1.907 |47 |5 |0 03 |6

0

. ?'15 ?'9 22 |42 22 |38 1.8 |21 12002 |20 |42

8 | 2.095 2124 |14 |1 |2124 |05 |1 |1.939 |98 |4 |0 04 |1
257 109 25 03 26 |13 1.9 |18 | 2109 |20 |49

102551 |5 |4 |2554 |64 |8 |2621 |57 |6 |1940 |13 |7 |7 05 |6

2.29 2.85
Average 171 1.48
error 1.91

Vibration x

5. Result and discussion

Equations (17), (20) & (23) represent the new analytical expressions of the nonlinear
vibrations of triple-walled nanotubes embedded in an elastic medium. Fig.1. represent the
dimensionless vibration of TWNT with for various values of parameters. From Fig.1, it is
observed that when the initial value X1 increases the TWNT vibration increases. An increase in
initial value X2 and X3 leads to decrease in the dimensionless vibration of TWNT.
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Fig.1. Comparison of dimensionless vibration of TWNT with simulation results for several
values of parameters «, 5,17, A B,,B,,B;, X, X, and X;.
The geometric parameters used to obtain this figure are,
a=0.25,3=06,7A=1B,B, B, =01X,, X, =1

Fig. 2 represents the vibrations for different values of B,and B, . The geometric parameters
used to obtain this figure are, «=0.25 =171, A=2,B, =1 X,, X,, X; =1. It is evident that
decrease in B,or B, , vibration X increases.

28 1
261 0.9}
2.4F 0.8
=
g 22 : a7t
Ml
E 2l ( B, Decreases) ) o B,=215,1
= o6k
§ sk B, =1,0.5,0.1 g (B,Decreases)
=05}
16f
0.4}
1.4}
0.3
1.2t
1 . . . 0.2 . . . .
0 0.2 0.4 Y 0.8 1 0 0.2 0.4 0.6 0.8 1
Time v Time t

Fig.2. Plot of dimensionless vibration Xversus dimensionless time 7 for several values of
parameters «, 8,1, A B, B,,B;, X,, X, and X, using equation (17).

The effects of the parameter on vibrations y is shown in Figs. 3(a-b). As the parameter B> and
B3 increase the vibration also increases.

4 T T T T 3.5
ast
3l
= 3 =
= =
S
= 25t = 257
2 . 2 .
S (B, increases) 2 (B increases)
N =
sl B, =123
1.5F
15F
1
B, =1
0.5 . . . . 1 : , .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time T Time t

Fig.3. Plot of dimensionless vibration Y versus dimensionless time 7 for several values of
parameters «, 8,1, A B, B,, B;, X, X, and X, using equation (20). The geometric

parameters used to obtain this figure are, « =0.25, f =11, A=2,B =2, X, X,, X; =1
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From the fig.4, it is notify that the dimensionless vibration z increases when

dimensionless parameter Bs is decreases. Also vibration z decreases when the parameter 7is
increases.  The  geometric  parameters used to obtain this  figure are,

a=0.25F=17A=1B =1B,B,=2X,, X, X, =1

35 T T T T 1

( 71 decreases)

M
th
T

(B, decreases)

Vibration I
Vibration
&
h

3
T

0.81

L5}

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Timet Time t

Fig.4. Plot of dimensionless vibration Z versus dimensionless time 7 for several values of
parameters «, 8,1, A B, B,,B;, X, X, and X, using equation (23).

Conclusion
In this research, we showed how VIM can be used to obtain the approximate analytical
solutions of a nonlinear initial value problem in triple walled carbon nanotubes. It is concluded
that these techniques are very effective and useful methods for solving different kinds of
nonlinear problems that occur in various fields of science and engineering.The technique is
powerful and reliable techniques that, if present, this method provides higher accuracy and
closed form solutions approximations.

Nomenclature and units

Symbols Name Unit
12 Nonlinearfree vibration frequency cm L

k Spring constant N /m?
Yo, Density kg /m®
AALA Cross sectional area (nm)2
E Young modulus TPa
I P Cross sectional interia moment TPa
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Transverse displacements of the i tube
W, W, W, PX TPa
on the neutral axis
t Time S
(Y P Length of TWNT nm
@, Dimensionless constant none
@, Dimensionless none
o, Dimensionless none
X Dimensionless vibration amplitude none
o, B,y ¢ Dimensionless constant none
T Dimensionless time none
X, Y,Z Dimensionless vibration amplitude none
r Dimensionless none
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