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Abstract
In this paper, some results are concerning the existence and uniqueness of invariant point with PPF
dependence of a non linear mapping for & — ¢ contraction and 6 — ¢ Suzuki contraction in the
complete metric space and setting of complete metric spaces. The new feature of this work is that
the domain and range space of operator are not identical in question. The results provided in this
research are on PPF dependent invariant points which are broaden and expand invariant point
results by Mohamed Jleli and Bassem Samet [6] and Dingwei Zheng, Zhangyong Cai and Pei
Wang [5].
MSC: 47H10, 54H25.
Keywords: Invariant point; Invariant point with PPF dependence; EXxistence and uniqueness;
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1. Introduction

There are well known problems with many branches of mathematical work in the form fx=x for
self-mapping f to be transformed into a fixed point problem. Several mathematicians have been
moving in various ways to modify the results by changing the space or extending a single value
mapping to a multiple valuable mapping system. The map’s contractive character is lessened in
various generalisations; see ([7], [8], [9], [10]) and the topology is weakened in some other
generalizations; see ([11], [12], [13], [14], [15], [16]). The concept of general metric spaces was
introduced in 2000 by Branciari [12] where the inequality of triangles was substituted with
d(x,y) <d(x,u) +d(u,v) +d(v,y) for all pairwise different points x,y,u,v € X. Several
fixed point outcomes have been set up on these spaces. Mohamed Jleli and Bessem Samet [6]
presented a novel form of contractive map and proved a new fixed point theory for these kind of
maps just on setting of generalised metric spaces in 2014. In 2017, Dingwei Zheng, Zhangyong cai
and pei Wang [5] introduced the notions of 8 — ¢ contractionand 8 — ¢ Suzuki contraction and
establish some new fixed point theorems for these mappings in the setting of complete metric
spaces.

On the other side Bernfeld et al. [1] introduced the concept of PPF (Past Present Future)
dependent invariant points, which is one type of invariant point for nonself mapping. This type of
fixed point results have distinct domain and range. In addition, they gave the concept of Banach
type contraction for a non-self mapping and demonstrated the existence in the Razumikhin class of
PPF dependent fixed point theorems for contraction mappings of the Banach type. Such findings
are used to prove solutions to nonlinear functional differential and integral equations that are
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dependent on past history, present data and future considerations. Many researchers have
demonstrated several fixed points with PPF dependence results (see [2], [3], [4]).

In this article, we extend and generalize the outcomes of Mohamed Jleli and Bessem
Samet [6] and Dingwei Zheng, Zhangyong cai and pei Wang [5] and we will prove these results for
existence and uniqueness of invariant point with PPF dependence in complete metric spaces and in
the setting of complete metric spaces.

2.Preliminaries
Let E denote a metric space or a Banach space with the norm |.llz. E, = C(l, E) represents the set
of all continuous E-valued functions on I, where | represents a closed interval [a, b] in R. Any
function of E,, equips with the supremum norm |I. ||z, defined by

Il @ llg, = supger Il () llg
“A point ¢ € E| is said to be PPF dependent invariant point or an invariant point with PPF
dependence of a nonself mapping S: E; = E

if S(¢p) = ¢p(c) forsome c € I."

Definition 2.1[12] “Let E be a non-empty set and d: E X E — [0, 0) be a mapping such that for
all x,y € E and for all distinct points u, v € E, each of them different from x and y, one has
dxy)=0=x=y

(i) d(x,y) = d(y,x)

(iii) d(x,y) < d(x,u) +d(u,v) +d(v,y)

Then (E,d) is called a generalized metric space (for short G.M.S.)."

Definition 2.2[12] “Let (E, d) be a G.M.S., x,, be a sequence in E and x € E. We say that

(i) x, isconvergent to x if and only if d(x,,x) = 0 as n — co. We denote this by x,, = x.

(i) x, is Cauchy if and only if d(x,, x,,) = 0 as m,n — oo.

(iii) (E, d) is complete if and only if every Cauchy sequence in E converges to some element in E."

Definition 2.3 [5] “Let (E, d) be a metric space and S: E = E be a mapping.

(1) Sissaidtobea 6 — ¢ contraction if there exist 8 € ® and ¢ € ® such that forany x,y € E,
d(Sx,Sy) # 0= 6(d(Sx,Sy)) < p[0(N(x,y))].

(2) Sissaid to be a 8 — ¢ Suzuki contraction if there exist 8 € © and ¢ € @ such that for any

x,y €EE, Sx # Sy

%d(x. Sx) <d(x,y) = 0(d(Sx,5y)) < ¢p[O(N(x,¥))]

where N(x,y) = max {d(x,y), d(x,Sx), d(y,Sy)}
(3) Sissaidtobea 8 — ¢ Kannan-type contraction if there exist 8 € ® and ¢ € & such that for
any x,y € E,Sx # Sy,

0(d(Sx,5y)) < po( L0 )

We can easily see that 6 — ¢ contractions and 8 — ¢ Kannan-type contractions are 6 — ¢
Suzuki contractions."

3 .Main Result
We take © as the family of functions 6:(0,) — (1,) which satisfying the following
conditions:
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(®,) 8 is non-decreasing
(©,) for every sequence x, c (0,), lim,_.0(x,) = 1 iff lim,_,x, = 0*
(©3) 3 p € (0,1) and q € (0, 0] such that limxaM% =q
Theorem 3.1 Let S: E, —» E be a nonself mapping, where E is a complete G.M.S. Let 3 0 € ©
and r € (0,1), such as
P,EEE, I1SY—SElz#=0 = OUSY—SElg) <[P —&lg)] (1)
Then S has a fixed point with PPF dependent, that is unique.
Proof Let ¢, be any element of E,. Clearly S(y,) € E.
So 3 y; € E suchthat S(iy) = y;
Choose Y, € E, as y; = Y,(c)
Now for , € E,, we have Sy, € E.
Thismeans 3 y, € E such that Sy; =y,
So, we can choose ¥, € E; as y, = P, (c).
Continuing like this, SY,_; = ¢¥,,(c) V n € N.
Now
Il l'bn—l - ll)n ”Eo =l 1:l}n—l(c) - l,l)n(C) ||E vn € N.
For some p € N we will prove S(¥,) = S(¥p+1)
Let if possible || SY, — |SYn1 I>0 nEN
From (1), we get
Ol S — SPniq llg) = O S(SPn—1) — S(SYy) lIg)
< [6U Sn-1 = SPn lI)]"
<[00 SPn—y = Sthp-q )] <...<
< [6l 1o () = Stpo )]
Thus
1< 00 SPy — SPper 1) < [0 Po(c) — S g]™", ¥n€EN 2)
Applying n = o
Ol S — SPpia ) = 1
which implies by (©,) that
iMoo | SPp = Spnsq 1= 0 (3)
Now by 05, 3 p € (0,1) and g € (0, o] such that
] OISYn—SPn+al)—1 _
R (ISYn=SPn+1)P
Suppose q is finite and B = % >0
So, there exist n, € N such that

O(ISYn—SPniql)—1
| (ISYn—SPn+1IDP ql =B Vn=ng
which implies
> 8USYn=S¥nsalD-1 5 = p
(ISYn—=SPn411)P

Thus n(ll SPn — SPner )P < An[O( S — StPnas 1) — 1], ¥ n2ng andfor B ==

Now let n = o and B > 0 be any arbitrary number. So, 3 n, € N such that
O(ISPn=SPn411D-1
2 >
(ISYn=SPn41 )P B, ¥ nz=mn,
That implies
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N[l SPn — SPnss 1P < A[O( Sthy — Spia 1) — 1], ¥ 1 2 ng, Where A =
Thus in both cases, 3 n, € N and A > 0, such that
nll SYn = SPniq I]” < nA[O(I S — Spsa ) — 1], V n2ny
By (2)
[l Sthn — SPnaq 1P < nA[O(l Po(c) = Sho D] =1 V n=n,
For lim n — oo, we have
limyon(ll SYr — SPpe )" =0
Thus 3 n, € N, such that
I S = SPna IS5 Vnzmy @)

nb

Now, assume that y,,_; = y,, for some n € N.
This implies that Y,,_1(c) = Y, (c) = SY,_4.
So, S has a PPF dependent fixed point in E.
Let if possible Y,_; # ¢, V n€N.

So, 9(” Vo1 — Ynas ”EO) = 0l Yp1(c) — Ppi3(c) llg)
=0l S — Sz llg)
< [9(” Sd’n—l - S¢n+1 ”)]r
<[00l Sz — Ston D] <.

< [6l o () — S D]
As lim n - oo and by (0,)

lim, o Il SY,, — S0y 1= 0 (5)
On the same way, by (0,), 3 n, € N, such that
I SPn = Sthnsz IS5 ¥V n=n, (6)
nb
Now take max{ngy, n;} = N. We consider possible cases

(Case a) If m > 2 is an odd number, then we can write m = 2z + 1 for z € N.
Using (4), we have

I Sy — SYmsn IISIIlSllJn —1S¢n+1 I+ f¢n+1 —SYnyo |1| +o I SYosin — SYozina |l
S—l-l- l+"'+ T < ;ozn—l
nP  (n+1)P (n+2z)p jP
(Case b) If m > 2 is an even number, then we can write m = 2z for z € N.
Using (4) and (6), we get
Il Slpn _1S¢n+1;l =<l Sd’n - Sl¢n+2 I+ S¢n+12 - Slpn+3 I +...+I Slpn+22—1 - Swn+22 Il
<-T+ Tt+..+t— Sz;ozn—l
n?  (n+2)P (n+2z-1)P jP
Finally from all cases we have
I Sn = SPpem IST2, 5 V nEN,mEN
jP
Now X372, il is convergent . (- % > 1).
jp
That means {Sy,,} i.e {141} is a Cauchy sequence or we can say {y,} is Cauchy sequence.
Because of completeness, 3 y* € E, such that y,, - y".
On the other side, we observe that S is continuous . If Sy # S¢&, then by (1) we get

log[O(Il Sy — S¢& llg)] < rlog[0(ll P — € lig,)]
that implies I| SY — SE <l Y — & g, =N Y(c) — &) g V ¥, & € E,.
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By this observation we have || SY,.1 —SY* g < | SY,, — Y™ (c) llg
Asn—-oo, S, = SY".

Now by [6], if limy,_ e Il Y5, — Y lI=lim, o Il ¥, — & |l then Y = €.

Thus Sy™ = y(c) for some c € [a, b].

So Y~ is a PPF dependent fixed point of S.

Now we will prove that S has a unique PPF dependent fixed point.

Let if possible y*, & € E,, are two PPF dependent fixed points of S, such that

I Y*(c) — & (c) =1l SY* — S&* II> 0.

From (1),
Ol Y (c)=<¢*() ) =00l Sp*™ =S¢ 1)
<[8UyYT(c) =& (eN]”

<0y (c)=¢5(c) 1D
which is a contradiction.

Thus S has unique PPF dependent fixed point.

Corollary 3.2 Let S:E, —» E be a mapping, where E is complete metric space. Let 3, 6 € ©
and r € (0,1) such as

for ,§ €Ey, I1SY—=SElg#=0 = OSSP —SElg=[0UY—¢lg)]"

Then S has unique PPF dependent fixed point.

Proof Since a metric space is a G.M.S. So, we instantly arrive to this conclusion.

Now we denote by @ the set of functions ¢: [1, ) — [1, o) satisfying the following conditions:
(P1) ¢:[1,0) = [1, ) is non-decreasing;

(d,) foreach t > 1, lim,,_,¢p,(t) = 1;

(P3) ¢ iscontinuous on [1, o).

Lemma3.3If ¢ € d,then ¢p(1) =1 and ¢p(t) <t V t>1.

Proof Suppose, on the contrary, that 3 t, > 1 such that ¢(t,) > t,. The monotonicity of
¢(t) yields ¢™t, > t, for each n € N, which is a contradiction to limn — co¢p™t, = 1. Thus
¢(t) <t foreach t > 1.Since 1 < ¢(1) < ¢(t) <t foreach t > 1, passing to limitas t - 1,
we have ¢ (1) = 1. Based on the function ¢ € @, we give the following definition.

Theorem 3.4 Let (E,, d) be a complete metric space and S:E, > E be a 8 — ¢ Suzuki
contraction, i.e, 3 6 € © and ¢ € ® suchas forany y,& € E,, Sy # S¢,

% () =SSP llg<llp =& llg, = OUSY =SS Hg) < P[ONW,$))] 1)
where

N, &) ={maxll Y =& llg, 1 Y(c) = SY llg, Il E(c) — SE llg}
Then S has unique fixed point with PPF dependance y* € E, such that the sequence iy,
converges to ™ forall ¢ € E,.
Proof Let Y, be an arbitrary element of E,. We define a sequence {i,} in E, such that
Ynse1(c) =SY,, vV n €N where c € [a,b].
(case a) If Y, =1, for some neN, then " =1, Iis a fixed point with PPF
dependence for S.
(case b) If Y, # ¢, forall n €N, then || Y41 — Y, II= 0 forall n € N.

S0, 5 Il Yn(e) = Sn 1<l Y (c) — SYm Il
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By using (1) with y,, =y and Sy, = &, we have

Ol S — SPnia lg) < G[ON(Yn, Y41))] (2)
where N(lpn: lpn+1) = max{ll l/)n - ll}n+1 "Eoi I l/)n(c) - Sl/)n "E: I lpn+1(c) - Sl/)n+1 "E}
= max{ll Y — Yns1 gy | Y41 — Yuaz g} (3)

If N(Wn ¥ns1) = [Yns1 — Ynaz ”Eo for some ¢ € [a, b]
then by (2), we have
O (Wns1, Ynsz ”EO) =0l SYn — SYPni1 ) < GOl Yrp1 — Yugz "EO)]

which is a contradiction by lemma “ lemma"
So, by (3), N(¥n, Yns1) =1 Pn — Png "Eo-
From (2) we have,

9(” Sl/)n - Sl/)n+1 ”E) < d)[@(" lpn - l/)n+1 "Eo)]
Repeat this step again and again, we conclude

9(” Sl/)n—l - Slpn ”E) < ¢[9(” 11l’n—1 - ¢n "Eo)]

= ¢2[g(|| l/)n—z - 11l’n—1 ”Eo)] <...=
< @O Yo — 1 lig,)]
Now using definition of 8 and property @, we get
limy, o @™ [O (Il Yo — Yy "Eo)] =1
and limy, e I Y, — Y41 ”E0: 0 (4)
Now we will prove that {1,,} is a Cauchy sequence in E, otherwise, 3 n > 0 and sequence {s,}
and {t,} suchthat v n €N,
n<t, <S,, Il 1/)sn(c) - lptn(c) ”Eo2 n
and Il Y5, -1 — Yene) g, <1
S0, N <l Y5, ) = Veno) Iy <I ¥s,c) = ¥s,0)-1 gy Hll ¥, (0)-1 = Vo) g,
< 77+” l/an(c) - l/an(c)—l ”EO
From this inequality and (2.4), we have
limy, e Il lpsn(c) - l/Jtn(c) ||E0: n

(5)
We know that

I Vs, 0041 = Yenpor+1 g, =1 Yspe) — Yeno) g SN Yspe) = Yspiey+1 gy +
I ¥e,e) = Yenere1 g,
Now from (4), (5) and above inequality
limn—wo I 1nbsn(c)+1 - lptn(c)+1 ”Eo (6)
By (1) with d)sn(c) = 1,[) and d}tn(c) = f, we have

9(DV’sn<c>+1 Vi 'h ) < ¢[‘9(max{m‘/’sn<c> Vi) B W) Vs B Wi Ve & }ﬂ

Using (4), (5), (6),(03) and (®3), with lim n — oo, we have
6(m) < ¢[O(M)]
from lemma (3.3) 8(n) < $[O()] < 8(n),
which is a contradiction. Hence {,,} is a Cauchy sequence in E,. And E, is complete. So {i,}
converges to y* for some y* € E,.
Let [ € N be any fixed number, we claim

1u(e) = Sy 1<l y(c) = () llg o 5 1l Sy — Sy <l Shy = P*() llg
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If not, then
3 191(©) = SYu el () = 7 () lls and 2 Il Spy — S%y e =1 Sy — () g (7)
S0, 2 119u(&) =" (@) =< u(e) = SPu Ne=<N y(c) =¥ () llg +1 " () = S Iy

that means

I, =" g, <N Y*(c) — Sy llg (8)
By (7)and (8) Il ¥, — ™ llg, <l Y*(c) — S, llg< % | Sy, — Sy, g 9)
Using (1) with ¥ = ¥y, & = Sy, We get

O(Il Sy, — S*P; 1) < p[O(max{ll Y;(c) — Sy I, I| Sy, — S%P; 1})]
By lemma (3.3) and definition of ¢ and 6 ,

Il Sy, — Sy 1<l Y, (c) — Sy, |l (10)
By (7), (9) and (10)

Il Sy, — S, <Nl Yy (c) = Sy IS Yy —* 1|+ ™ (c) — Sy I
1 1
< 5 Il Sy, —Szlpz Il +E I Sy, —Szlpl =1l Sy, —Szlpl [
which is a contradiction. So, we can say, for each n € N

% I Y(c) =Sy <l Y, —yp* 1l or % Il Sy, — S%P, 1<l S, —*(c) |l
Case(l) If 3 asubsequence {l,} suchthat V k €N

1

5 1y (€) = Sy <l Yy, = %7 llg,
then

Ol Sy, — SY™ llg) < P[0 Yy, — Y7 llg,)]
By definition of 8 and ¢,
limy_ II SY;, —SYP* llg=10

So, 1*(c) = SY™ llg=limpoeo Il Py, , () =SY" g = limye oo | SPy, — SYP* llg= 0
Case(ll) If 3 asubsequence {[;} suchthat v k € N

1

> ISy, — S?y, Np<ll Sy, — P*(c) llg
then

Ol %y, — SY™ ) < P[OU Sy, — Y7 () llg)]
So by definition of 8 and ¢,
limy o Il Szl/Jlk —SY*llg=0

Therefore, I| Y*(c) — SY* llg= limyoeo Il Yy, (€) — SY* g = limge, | S2Py, — SYP* llz=0
Thus ¥* is a PPF dependent invariant point of S.
Now we will prove that uniqueness of PPF dependent invariant point of S. Let if possible 3
another PPF dependent invariant point of S such that

SY* =y*(c) # S& =Y*(c), then
ISy —SE lp=N 1" — & llg,> 0 and = Il h*(c) — S~ Ig<ll P* — &" I,
Now by (1),
Ol Y™ =& llg,= 0l SY*™ —S¢" llg) < p[OUI Y™ =& g )] <O Y™ — &7 llg,)
which is not possible.
So, PPF dependent invariant point of S is unique.
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