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Abstract
Consider the first order nonlinear delay differential equation with several arguments of the form

M)+ 0,0 f, (G, 1) =0, t>1,>0,

where the functions ¢, (t), 5, (t) € C([t, =), R), 5, (t) <t for t >t, and !im O (t)=cofor 1<k <m.

Criterion involving limsup and liminf for the oscillation of all solutions of the above equation is
obtained. An example illustrating the results is given.

Keywords: non monotone, nonincreasing, several deviating arguments, delay differential equation.
1.Introduction

This paper deals with the oscillatory behavior of solution of the first order nonlinear delay differential
equation of the form

WD)+ 0,0 f, (S, 1) =0, t21,20, (11)

where the functions ¢ (t), 5, (t) € C([t,0),R) forevery k =1,2,...,m and &, (t) are non-monotone

or nondecreasing such that

o (t) <t for t>t,and !im5k(t):oofor 1<k<m (1.2)

and

f. € C(R,R) suchthat uf, (u) >0 for u=0 for 1<k <m. (1.3)
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In addition, we consider the intial condition for (1.1)
u(t)=e(t), t<0, where ¢(t): (—»0,0] >R (1.4)
is a bounded Borel measurable function.

A solution u(t) of (1.1), (1.4) is an absolutely continuous function on [t,, o) satisfying (1.1) for all
t>0and (1.4) forall t <O0.

A solution u(t) of (1.1) is oscillatory if it has arbitrary large zeroes. If there exists an eventually

positive or an eventually negative solution, the equation is non-oscillatory. An equation is oscillatory
if all its solutions are oscillatory.

In the special case for m=1, (1.1) reduces to
u'@®)+q@) fu(s))=0 t>t,>20. (1.5)

Recently, there has been a considerable interest in the study of the oscillatory behavior of the
following special form of (1.1)

u't) +q(t)u(o(t)) =0, t>t,.

In 1987, Ladde, Lakshmikantham and Zhang considered (1-5) with f,gand ¢ satisfy the following

conditions:
i) o(t)<t for t>t,and !im o(t)=o0 and S(t) is strictly increasing on R*,

i) q(t) are locally integrable and q(t) >0,

iy feC(R,R)and uf (u)>0 for u=0 and lim—— =P <o

u-0 f (U)
They proved that if

t
limsup J' q(s)ds > P

t—>o0 5()

or

t
liminf j q(s)ds>E,
t—oo e
p(t)

then all solutions of (1.5) are oscillatory.

In 2011, Braverman and Karpuz,[3] considered the linear differential equation
u't)+q(t)u(o(t)) =0, t>t,, (1.6)

where q is a function of non-negative real numbers and S&(t) is a non-monotone of positive real
numbers such that o(t) <t for t>t, and !im O(t) =oo. They proved that if
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20 pt) 5(s)

limsup j' p(s)exp{pj's) p(n)dn}ds >1

where p(t) =supo(s), t >0, then all solution of (1.6) oscillate.

s<t

In 2017, Ocalan [11] proved that the following result: Suppose that &(t) is not necessarily monotone,

p(t) =supo(s), t>t,and IimL:P, 0<p<o.If
sct u>0 f (u)

t

liminf j q(s)ds>E,Where 0<P<ow

—0 e
()

or

t
limsup j q(s)ds > 2P, where 0< P <0,
RO

then all solutions of (1.5) are oscillatory.
Theorem 1.1[7]

Assume that f,, g, and &, in (1.1) satisfy the following conditions:

i) The condition (1.2) holds and let &, (t) be strictly increasing on R*,
ii) g, (t) @<k <m) are locally integrable and g, (t) >0,
iii) The condition (1.3) holds and let f, (L<k <m) are nondecreasing functions and

lim
w0 £, (u)

=R <o

If o, are nondecreasing functions for 1< k <m, and

P

t m
liminf [ > a(s)ds > -

p(t) k=1

or

t m
limsup 'f > g, (s)ds>P,

% pt) k=L

where P =max B, and &*(t) = max ¢, (t), then every solution of (1.1) is oscillatory.

1<k<m 1<k<m
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Theorem 1.2[7]

Consider the following equation with several arguments of the type
u'®)+a®). f U @) =0 (17
k=1
where q(t) and &, (t) are continuous on [a, o), nondecreasing and !im O, (t) =cofor 1<k <m.
Suppose that f (u;,u,,...,u,,) is a continuous function on R" such that

u, f (u,u,,...,u,)>0and uu, >0

and

O

m

_ |ul|a1...|u
P =Ilimsup
oo | F (U, Uy, Uy)|

m
for some nonnegative constants ¢,, 1<k<m, with Zak =1. If there is a continuous
k=1

nondecreasing function &, (t) <o*(t) <tfor t>a, 1<k <m and
t m P
liminf j > g (s)ds > o
plt) k=L
then (1.7) is oscillatory.

The purpose of this paper is to find a new condition for all solutions of (1.1) to be oscillatory when the
arguments are not necessarily monotone.

2. Main Results

In this section, we derive new sufficient oscillation conditions, involving limsup and liminf for all
solutions of (1.1) under the assumption that &(t) is non-monotone function. Set

p(t)=sup s (s), t=t, >0 (2.1)
to<s<t
and
p(t) = max p,(s) . (22)

Clearly p,(t), p(t) are nondecreasing and 9, (t) < p, (t) < p(t) <t forall t>t,>0.

Suppose that the function u(t) in (1.1) satisfies the following condition

) u
limsup——=P,, 0<P, <. 2.3
\u\%p f.(u “ “ @3)
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Gronwall inequality
Consider the inequality

u'(t)+qg(tu() <0, t>t,, (2.4)
where q(t) >0and u(t) > 0. Then we have
t
u(s) > uf(t) exp{jq(u)du}, t, <s<t. (2.5)
Lemma 2.1[4]
Consider the equation u'(t)+ qu @) f (u(o, @) =0, t=t,. If g (t)=0, o (t)=t=>t,,
k=1
1<k <m andif
t m
liminf I > g (s)ds=1>0
p(t) k=L
then we have

liminf '[Zm:qk(s)ds:lirtnionf Izm:qk(s)ds=l, (2.6)

5(t) k=1 p(t) k=1

where p, (t) == sup 6, (s)and p(t) = max p, (t), t>t, >0.

ty<s<t

Theorem 2.1

Assume that the hypotheses (1.2 ), (1.3) and the condition (2.3) hold, if

t m Ac(8) m

limsup [ > a,(s)expy [ D a(7)dn ds>3P, @.7)
t—o p(t) k=1 5t) 1=l

where ¢, (t) are non-monotone or non decreasing and &(t) is defined as in (2.1) and P = max o, 1),

then all the solutions of (1.1) oscillate.
Proof:

Assume for the sake of contradiction, that there exists a non oscillatory solution u(t) of (1.1). Since
—u(t) is also a solution of (1.1), whenever u(t) is a solution of (1.1) therefore it is enough to prove

the theorem for positive solutions of (1.1). Then, there exists t, >t; such that u(t) > 0,u(g, (t)) >0
and u(p, (t)) >0, 1<k <m forall t>t, .Then, from (1.1) we have
u't) =-> 0, (t) f (5, (1)) <0 forall t=>t, (2.8)

k=1
which means that u(t) is an eventually non-increasing function of positive numbers.

Using (2.3) we can choose t, >, so large that
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1 1
f (u(t)) zau(t) zﬁu(t) forall t>t,. (2.9)
Using (2.9) in (1.1), we have

1 m
Ul(t)+3—quk (s, () <0 forall t>t,. (2.10)
k=1
Integrating (2.10) from p(t) to tand also using Granwall’s inequality we get

2(8) m

u(t)- u(p(t»+3— j Y a, (o, (Nexp{ | Ya,(n)dnds <0,

p(t) k=1 S (s) 1=

now using the monotonicity of u we get

A(S) m

u(t)- u(p(t»+—u(p(t)) j 34, (s)exp j >0, (7)dn}ds <0,

p(t) k=1 5 (s) i=L
or
Ac(8) m
—u(p(t))+—u(p(t>) j > q.)ew{ | a,(n)dnds<0.
p(t) k=1 S (s) =L
2(8) m
—u(p()|1 j S (s)exp{ | 3o, (rdnds |<0,
3P p(t) k=L S (s) 1=1
and hence
Ac(s) m

[ Saexef | Samdids<sp

p(t) k=L & (s) =1

for sufficiently large t. Therefore, we get
Ac(8) m

limsup J S (s)expf | Do, (n)dnds <3P

t—o0 (1) k=1 5(5) i=1
This is a contradiction to (2.7). The proof is completed.
Theorem 2.2

Assume that the hypotheses (1.2), (1.3) and the condition (2.3) hold. If &, (t) are non-monotone or
non decreasing and if

2(8) m
liminf Iqu(s)exp{ I ZQ(U)dU}d 3P (2.11)

p(t) k=1 e(s) =1

where P =max B, and p(t) =min p, (t), then all solutions of (1.1) oscillate.
1<k<m 1<k<m

Proof:
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Suppose to the contrary that (1.1) has a nonoscillatory solution u(t) on [t;,0).

Without loss of

generality, we can assume that there exists a t, > t, such that u(t) >0 and u(o,(t)) >0 on [t ).

Thus from (1.1) we have

u'(t) = —Zn: G () , (u(S, () <O forall t>t,,

which means that u(t) is an eventually nonincreasing function of positive numbers.

Casel

Suppose that B, >0 for 1<k <m, Then, by (2.3) we can choose t, >, so large that

1 1
f (u(t)) >—u(t)>—u(t) forall t>t,.
(u(t) ) (t) 3P() 2
Using Granwall inequality in (2.10) , we obtain
Ac(8) m

u (t)+—zqk Ou(p W) exp{ [ Y a,(n)dmds <O forall t>t,.

S (s) 1=1

Using (2.12) and Lemma (2.1), it follows that there exists a constant d > 0 such that

£ (s) m

I zqk(s)eXp{ [ > a(m)dnds >d >3— forall t>t,.

p(t) k=L S (s) 1=1

Also, from (2.14) there exists a real number t € (o(t),t) for all t >t,such that

~(8) m

j 34, (s)exp{ J Zq(n)dn}ds>—

p(t) k=L S (s) i=L

and

t m pk(s) m

[2a@ep{ [ X (n)dn}ds>_
t k=L S (s) 1=t

Integrating (2.13) from p(t) to t”, we get

o (s) m

() -u(p)+ J 3 0, (Sua, (N exp{ | Ya,(n)dnds <0

3P p(t) k=L 5 (s) 1=
or

Ac(S) m
o) -u(o)+ B | S0 expt | S a tninds <0,

3P p(t) k=L 5 (s) =
Using (2.15) in the above inequality, we get

—U(p(t)) + u(pk (t*)) < O
2e

Similarly, integrating (2.13) from t " to t and also using (2.16) we get

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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—u(t*)+m <0. (2.18)
2e

Combining (2.17) and (2.18), we get
L) > 420) | )

2e (2e)?
and hence we have
WP _ a2 - o
0t <(2e)" <o . (2.19)
Let A= ulp(t) . (2.20)
u(t*)
Then A >1is finite. Now we divide (1.1) by u(t)>0 and integrating from p(t) to t we get
RACICAO))
—d v =0
[ ] Skl
_u(t) f (U (5))) U6 (8)) 4o ¢
) p!t)kz;qk( TS e
Then using (2.12) we get
u(t) EXC) I
W) 3Pp{)qk“ a6
Since 0, (t) < p, (t) < p(t) for L<k <m, we have
u® W) o117 6 (i bds <0
"W 3Pp£)§q“) us) o pt{séq o) ”} o
i Ue®) 1 u(p (@) "L
O 2P uw) p{ )kZ;,qk(S)exptj(S)IZ_l‘,q (n)dn}ds
n9e0) | LU (@) 20

ut) e u(w)
where @ is defined by p(t)<w<t.

Using (2.3), (2.13), (2.20) and then taking lim inf on both sides of (2.21), we get

3011



Oscillation criterian of first order nonlinear delay differential equation with several deviating
arguments.

In A >§. (2.22)

. . . u
But (2.22) is not possible since Inu < — forall u>0.
e

Case?
Suppose that B, =0 for 1<k < mand also using the condition (2.3), there exists t, > t, such that
u(t) <6, t>t
f (u(t))
and

fu®) 1 (2.23)

u(t) 0

where @ > Qis an arbitrary real number. Thus from (1.1) and (2.23), we have
vy L LN
u’(t) +52qk (Bu(s, (1)) <0.
k=1

Integrating the above inequality from p(t) tot, we get

u)-u(p)+ 5 J 320, (505, (9005 <0.

p(t) k=1
Ac(s) m
u(t) - u(p(t»+— j >0, (S(p, () expf j >, (7)dn}ds <0,
p(t) k=1 S (s) 1=t

and
£ () m

—u(p)+= u(p(t)) j >l | 3q,(dnds <0.

p(t) k=1 S (s) =1

A(8) m
—u(p(t))(l—— [ Ya©en{ | qu(n)dn}dS}O (2.24)
p(t) k=t S (s) i=L
By using (2.14) and (2.24), we have
9 <1
or
0>d,

which is a contradiction to lim ———— u(®)

W0 £ (U()

Thus the proof of the theorem is completed.
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3 Example

Example 3.1. Consider the equation

u'(t) +%u(51(t)) In(|20+u(5,(t)))) +%u(52 ) In(18+u(5,(t)) =0, t>0,

where
_t+7k—1, if t <[4k, 4k +1]
so| AT%S iftelkia2)
U —2t+11k +5, if t e[4k + 2,4k +3]
3t-9k—10,  if te[4k +3 4k +4]
Figirel Thegraphof §(1) Figure 2 The graphof p(7)

+

By (2.1), we have

3k -1, if t <[4k, 4k +§]

3t -9k -5, ifte[4k+%,4k+2]
pl(t) = SUPgl(S) =

s<t

3k +1, ifte[4k+2,4k+1§1]

3t—-9k -10, ifte[4k+%,4k+4]

and p,(t) = sup 5,(s) = p,(t) -1, ke Nyand N, is the set of non negative integers.

ty<s<t
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Therefore

pt) =max{p®)} = ().
1 2 )
If we put g, =0 q, = 0" f.(u) =u(s,(t)) In(20+u(s,(t))|) and

f,(u)=u (S, (1)) In(18+u(s, )

Then we have

=limsup u(t) =limsu u(4,(1) _ 1t =0.3338
uoo U)o u(S (1) In(20+u(Sy (L)) In20

P, =lim sup& =limsup u(%, (1)) _ 1 =0.3459
w0 HUE)  uso U(S, (1) IN(18+u(s,(t))) I8

P'=max{R,P,} =P, =ﬁ=0.3459.

Now at t=4k+%, k € N,we have

A(s) 2
Juns)exp{ | Zq(n)dn}ds

p(t) k=L S (s) =L

() 2, (s)
= j qu)exp{ [ (ql(n)+q2(n»dn}ds+ [ qu)exp{ [ (ql(n)+q2<n»dn}

P 8,(s) P 5,(s)

A+ 1 3k+1 4"** 3k
= | Eexp{ | Edn}dw | Eexp{ | Edn}ds

35-9k-10 3k+1 35-9k-11

4k+% _ _ 4k+E

1
= —exp| —(12k —3s+11) |ds + —exp<—(12k —3s+11
3IZ|.+1 10 p O( )— 3I2[—1 10 p{ ( )}

4k+—

: )
3
= —exp| —(12k —3s+11) |ds
jlo p O( )

3k+1 .

:%(exp%[% +8]—exp%[1]j >3

A(S) m
liminf I qu(s)exp{ _[ Zq(u)dn}ds>o38_£

p(t) k=1 S (s) =1
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t m ~(8) m
limsup I qu(s)exp{ I Zqi(u)dn}ds>3>3P

t—ow o) k=1 5,(s) i=1

All the conditions of Theorem2.1 and Theorem2.2 are satisfied. Hence all solutions of (1.1) are
oscillate.
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