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Abstract

This paper presents a mathematical queue model for passport office system .It provides a more
realistic description of queue model for passport office system on priority basis .Now a days almost
in every system priority is given in some cases for example medical cases, to some officials and
customers\applicants having some emergency .This model consists two rows, one for high priority
and other for low priority customers. It is assumed that the arrival and service process follow the
Poisson distribution. It is supposed that the service will be completed when the customer\applicant
pass through all the service channels. This model can also be applicable in many real life situations
like hospital management, in market, in offices etc.
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1. Introduction

A lot of queuing models have been developed by the researchers, in which some queuing models
only predict the system performance, other describes the real life situations and are directly
applicable to that situations .In real life situations priority is given to some customers for fast service
.Priority discipline queuing models are the systems having priority queues with customer having high
priority and customer with low priority.

The first priority queue model was studied by Cobham (1954), “A Cobham priority assignment in
waiting line problems”. After that a lot of work on feedback and priority queues is done by many
researchers .Singh T.P and Bhardwaj Reeta (2019) presents a stochastic queue model for passport
office system. The limitation of the model is that the customers on priority basis are not considered
and the probabilities of revisit of customers are not changed. The present model is developed on the
basis of above said work done by Singh T.P and Bhardwaj Reeta. In this queuing model we try to
develop a queuing model for passport office system with two queues for high priority customers and
low priority customers. After applying online\offline the applicant will enter the system for getting
passport with an appointment slip. He has to come across the three service channels to get passport.
If there is any lacuna remaining in his documents either he has to go back or he may leave the
system. The model has been analysed in steady state .The differential difference equations are
obtained and the probability generating function technique has been used to obtain queue
characteristics. Behavioural analysis of the model is done for different numerical values of the
parameters.
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2. Notations used

A1, = arrival rate at low priority queue

A1y = arrival rate at high priority queue

B, = service rate at low priority queue of 1% server

B, ;= service rate at high priority queue of 1% server

B, = service rate of 2" server

B, = service rate of 3" server

a= probability of leaving the server 1% time

a,= probability of leaving the server 1% time

p,= probability of exit the system from 1% server

p,= probability of exit the system from 2" server
p1,=probability of moving from 1% server to 2" server first time
q1,=probability of moving from 1% server to 2" server second time
p,, =probability of moving from 2" server to 1% server
p23=probability of moving from 2" server to 3" server

L= length of low priority queue at 1% server

L,= length of high priority queue at 1* server

Ls= length of queue in front of 2" server

L,= length of queue in front of 3" server

3. Model Description

The model consists of three service channels. After applying online\offline the applicant will enter
the system for getting passport with an appointment slip. He has to come across the three service
channels to get the passport. Firstly the applicant will come at service channel §$;.There are two
queues Qq; andQqy in front of the service channel §;.The applicants arrive with arrival rates
Ay Aqgand By, By, B, By are service rates respectively. After checking the appointment slip at
server §, either the applicant will move to the server S, with probability p12 or he will exit the
server with probability p;.At server S, he will go through the document verification process. If
there is some problem in documents then either he may go back to the server §; with probability
P21 and if the problem is solved and all the documents are complete then the customer will visit
again the server S, (after feedback) with the probability gqqz0or he will exit the server with
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probability p, and if document verification is successful then he may move to the server §3 with
probability p,3 for other formalities and will finally get the passport.
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Figure 1: flow of customers in passport office
4. Formulation of Mathematical Model

Let Py, nyymamns (£) DE the probability of ny;, nyy, ny, n3 applicants waiting for service in front of the

serversS;,S, and S; at time t respectively. The differential difference equations in steady state are,

(M + Mg+ By + By + B3P, nyynams = AiPr + MinPy +
1Hp1Pn1L,n1H+1,n2,n3 + 1H (ap12 + alqlz)PnlL,n1H+1,n2—1,n3 + 2p2Pn1L,n1H,n2+1,n3 +
2p21pn1L,n1H—1,n2+1,n3 + 2p23pn1L,n1H,n2+1,n3—1 + 3Pn1L,n1H,n2,n3+1n1L'an' n21n3> O

1)

Ny = 0,nyy,Mp,n3>0

1L.—Lnignans3 1M —1nz,n3

(M + 4y + By + By + B3P, nyms = MuPonyy—-1mons T BiaP1Ponyy+1myms T Bip(aprz +
a1912)Ponyy+1n,-1n3 T BoP2Poniymating T BeD21Ponyy—1n4105 T B2P23Ponyympting—1 +

3P0,n11.1,n2,n3+1

2)
Ny = O yN11, N2, n3> O
(M + A + By + B + B3) By, nyymans = A10Pay~1,0mpms T BinD1Poy, 10gms + Bin(apiz +

alQlZ)PnlL,l,nz—l,ng + 1Lp1Pn1L+1,O,n2,n3 + 1Lp12pn1L+1,0,n2_1,n3+2p2pn1L,0,n2+1,n3 +
2p23pn1L,0,n2+1,n3—1 + 3P1’11L,0,1’l2,1’l3+1 (3)

ny = 0,1y, Ny, n3>0

(M + 4y + By + B3)Py niyoms =
APy —imi0ms T MHPry niy—1,0m5 T BiaD1Prynig+1,0ms T BoP2Pryiniying +

Bop21Pryniy—1,1n5 T BeP23Pryniyins—1 1 B3Pny; nyponst1 (4)
n3 = Or nip, M1y, n2> O

(A1 + Ay + By + B)P,

1LMEM2,0 —

MiPry 1m0 T MuPrynig—1m20 T BiaP1Prynyy+1n,0 T
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Bhy(apiz + a1912)Prynyy+1ina—1,0 + BoD2Pry myyng+1,0 + BoP21Pry i myy—1n0+1,0 T BPryy gy

(5)
Ny =ny = 0,n2,n3>0
(M + Mg + By + B5)Poonyn, =

BhuD1Po1nyns T Bin(apiz + a1912)Poiny 105 + BoD2Poony+1m5 + B2P23Poony+1n5-1 +
3P0,0,712,713+1 (6)

Ny, =Ny = O,an,n3> 0

(Mg + g+ By + B5)Pon,, 00 = A1aPonyy—1,0ms T BiaP1Pon,y+1,0ms T B2D2Pon, 10, T

o021 Ponyy—1,1n3 T BoP23Ponyy1n5-1 + B3Ponyy0ms+1

(7)

nyp =nz = 0,n14,M2>0

(A + 4y + By + B) Py n,0 = MuPoniy—1n00 T BiaP1Poymyy+1n,0 T Bin(aprz +
a1912)Ponyy+1n,-1,0 T B2P2Pon,yna+1,0 T B2D21Ponyy—1m,41,0 T B3Pon,yng,1 (8)

nyy =ny =0,nq9,,n3>0

(A + Ay + By + B5)Py 000y = MLPry—-1,00n5 T BinP1Pay 100 T BiiP1Pry, +1,0005 T
Bop2Pni; 010 T B2P23Pny,0105-1 F B3Pny; 0,0m541

9)

Ny =Nz = O,TllL,Tl2> 0

(M + g + By + B)Py 0000 = MLPry-1,0m00 T BieP1Pry,ims0 T BiiP1Pry, +1,0m,0
By (apiz + a1G12) Poy;iny-1,0 T BiiP12Poy +1,0m0-10 + BoP2Pny, 0ny+1,0 T B3Py, 0ny1 (10)

ny, =n3 = 0,19, M15>0 (A + g + Bip)Poy;ngy00 = APy ~1000,00 T 218 Py, niy-1,00 T

BhiuP1Prypnig+1,00 ¥ B2P2Pri g0 ¥ BeP21Pryngy-110 ¥ BPoynyy01
(11)

nyp =ng =ny =0,n3>0 (A1, + 4y + B)Pooon, = BiuD1Po1,oms + BeD2Pry nipmoting T

Brp23P0,0,1,n5-1 T B3P0,0,0,n5+1
(12)

Ny =ny =n3 =0,,n>0

(M + A + B Poony0 = Biub1Poing0 + Bin(apiz + a1G12)Poan,—1,0 + Bob2Poon,+1,0 +
+B3P,0,n,1 (13)

Ny, =ny =n3 =0nyy>0
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(M + g+ B Poyy 00 =

MuPon 1,00 t BiaP1Pon,y+1,00 + BP2Pon 1.0 + B2P21Pon,y-1,10  B3Pon 01
(14)

Ny =Ny =ng =0,ny,>0

(Mg + g + By)Py 00,0
= M1 Pny;-1,000 T BiaP1Pny;1,00 T BirP1Payy+1,000 + BoeD2Pryy 01,0 T BPoyj 001

(15) Ny, =my =ny =n3 =0
(A1 + A1m)Poo00 = Biup1Po10o + Bop2Pop10 + BsPooo1  (16)
5. Solution Process

To solve the steady state differential difference equations from (1) to (16), introducing generating
function and partial generating function as follows:

F(X7Y’Z’R):Z§1L=O Z;.l()lH:O Z?loz=0 Z?lojg=0 PnlL,an,nz,n3 anL YananRn3
(17)

Where |[X| = [Y|=|Z|=|R| =1

AISO) Fanynz_Tl3_(X) = Z?fu:o PnlL,an,nz,ng anL
(18)
Fnz,ng,(fo) = Z;.lolH =0 Pan,le,ng ynin (19)

) E,(X\Y\Z) = Xy =0 Fayng (X, Y) 272
(20)

FX,Y,2) =32 o By, (XY, Z) R™ (21)

On solving equations from (1) to (16) and using equations from (17) to (21) we derive the solution
as,

F(X,Y,ZR) =

o _ (1) _(ap12+a1q12) 5 1. ®1) (@ap12+a1q12) _ a5 [1_®2) _®21)Y (23)R a1 1
1H[1 g ’ z]c+1L[ 1421 4 o Y](c D)+2[1 Z p f ]B+3[1 R]A

+ Y R 1
AlL(l—X)-l-AlH(l—Y)-l-lH[l—(pY—l) _(@p12+a1412) YaquZ)Z]-l-z[l—(pZ—Z) ——(pzzl) ——(pZZ3) ]+3[1_E]

(22)
Where Fo(X,Y,Z) = A, Fo(X,Y,R) =B ,Fy(X,Z,R) = C , Fy,(ZR) =D

At X=Y=Z=R=1, F(X,Y,Z,R) = 1 and considering X—1 & Y=Z=R=1 and applying L’ Hospital rule
Wwe get,

=1, = =B, (C = D) (23)

AtY—1 & X=7=R=1, we get, =1y + By — Bhpy; = By C — By (P12 + q12)(C — D) — Byhpy B
(24)
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AtZ—1 & X=Y=R=1, we get,- By (P12 + q12)tB= - By (P12 + q12)C+ELB - (25)

AtR—1 & X=Y=Z=1, we get, - 2p23+3: - 2p23B+3A
(26)

1 p23(A1p(ap1z2+aiqiz)(apiz+aiqiz)+iig(apiz+aiqiz))
B3(1—(ap12+a1q12)p21)

On solving above equations we get, A=
(27)

B=1 (A1p(ap12taiqiz)(apiz+aiqiz)+Aip(api2+a1q12)) (28)
B;(1—(ap12+ai1qi2)p21)

(A1p(ap12+ai1q12)+1y)
=1 2
c B1p(1-(ap12+a1912)p21) (29)

_ (A1Lap 12+a1q12) HA1H) A1
D=1- — 30
(1H(1—(¢1P12 +a1q12)p21) + lL) ( )

The solution of differential difference equations in steady state is given by,

Poyymigmams = P12 p3™ py "3 (1 — py) (1 — p2)(1 — p3)(1 — pg), Where

(A1 (aprztarqi2)+diy) | A1

=1-D= — (31

P1 Bip(1-(ap12+a1q912)p21)  B1g (31)
p,=1-C= (A1r(apiz2+aiqiz)+Ain) (32)

By (1-(ap12+ai1q12)p21)

_ _ (A1 (apiztaiqiz)(apiz+aiqiz)+Aiip(apiz+ai1q12))
=1-B= 33
P3 B (1-(ap12+a1q12)p21) (33)

_ _ b3 (@przt+aiqiz)(@piztaiqiz)+Aip(@pi2+aiqi2)),
pr=1-A= 1412) (34)
B3(1—(ap1z+aiq12)p21)

The condition for which the solution of the model exists is,p; p;, p3, ps < 1

6. Queue Performance Measures

1. Mean Queue Length(L) = L; + Ly + Ly + Ly= 1’); + 1”; + 1”; + 1”‘;
—P1 —P2 —FP3 P4

. — P P2 P3 P4
2. Variance (Vor) = o5t 2 Y a0 T aoony

7. Behavioural Analysis

In this section we will discuss the behaviour of partial queues and mean queue for the different
values of low and high priority arrival rates and service rates in following manners:

1. Behaviour of partial queue lengths, mean queue length and variance of the system for different
values of A;; and A,y.

2. Behaviour of mean queue length and variance of the system for different values of &,; and &, .

3. Graphical analysis of partial queue lengths and mean queue length with respect to A, , 414,84,
By
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Table.1. partial queue lengths, mean queue length and variance of the whole system with
respect to 44,

AlL AlH:]-’ p1:0.3,p12 :0.7,p2 :0.1,p21 :0.15,p23 20.75,6112 =0.3,a=0.5,a1 :0.5,
1L:1211H:1212:7!3:8
P1 P2 P3 P4 Ly L, Ls Ly L Var
2 0.833 | 0.666 | 0.571 4.99520 1.33317 8.92778 | 40.0148
2 6 4| 0.375 4| 1.9994 8 0.6 2 1
2. 0.858 | 0.683 | 0.585 | 0.384 | 6.05716 | 2.15756 0.62416 53.9850
1 3 3 7 3 3 2| 1.41371 8| 10.2526 6
2. 0.883 0.393 2.33333 0.64934 | 12.0516 | 77.4572
2 3 0.7 0.6 7 | 7.56898 3 1.5 9 6 2
2. 0.908 | 0.716 | 0.614 9.89324 | 2.52858 | 1.59201 | 0.67504 | 14.6888 | 121.949
3 2 6 2| 0.403 6 2 7 2 9 1
2. 0.933 | 0.733 | 0.628 | 0.412 2.74953 0.70183 | 19.1356 | 225.840
4 3 3 5 4 | 13.9925 1] 1.69179 8 6 5
2. 0.958 0.642 | 0.421 | 22.9808 1.79955 | 0.72950 | 28.5098 | 569.398
S 3| 0.75 8 8 2 3 2 5 7 3
2. 0.983 | 0.766 | 0.657 | 0.431 | 58.8802 1.91630 | 0.75808 | 64.8391 | 3546.75
6 3 6 1 2 4 | 3.28449 2 7 2 7
70
60
50 //
40 /
30 J
10 P ——
0
2 2.1 2.2 2.3 2.4 2.5 2.6

Figure 1. L vs. A4 (x-axis represents different values of 4,;and y-axis ofL,)
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Figure 2. L, vs. A4 (x-axis represents different values of 4,;and y-axis ofL,)
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Figure 3. L3 vs. A4 (x-axis represents different values of 4,;and y-axis ofL,)

0.66
0.65
0.64 _—
0.63
0.62 _—
0.61 _—

0.6 —

0.59
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Figure 4. L, vs. A (x-axis represents different values of 4,;and y-axis ofL,)
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Figure 5. L vs. A1, (x-axis represents different values of 4;;and y-axis of L)

Table2: partial queue lengths, mean queue length and variance of the whole system with
respect to 4,4

A | 21,22, p1=0.3,p1,=0.7 pg=0.1.p5;=0.15 pp3=0.75.q1,=0.3,a=0.5,a,=0.5,
By, =12, 8,y =12,0,=7,0,=8
P1 P2 P3 P4 Ly L, Ls Ly L Var

1 0.833 0.571 4.99520 | 1.99401 | 1.33317 8.92239

2| 0.666 4| 0.375 4 2 8 0.6 4 | 39.9879
1.1 | 0.866 0.393 | 6.49625 | 2.33333 0.64934 | 10.9789 | 61.2963

6 0.7 0.6 7 2 3 1.5 9 3 2
1.2 | 0.899 | 0.733 | 0.628 | 0.412 2.74953 0.70183 | 14.1331 | 105.868

9 3 5 4 | 8.99001 1| 1.69179 8 7 1
1.3 | 0.933 | 0.766 | 0.657 | 0.431 | 13.9700 1.91630 | 0.75808 | 19.9289 | 230.126

2 6 1 2 6 | 3.28449 2 7 4 3
14 | 0.966 0.685 | 0.449 | 28.9401 2.18167 | 0.81785 | 35.9396 | 894.898

6 0.8 7 9 2 4 4 1 4 8

Table3: mean queue length and variance of the whole system with respect to B,; and B,y

/11L:21 p1:0.3,p12 :0.7,p2:O.1,p21:0.15,p23:0.75

q12=0.3,

a=0.5,a1=0.5,

AlH:]'lL:lelH:12’2:713:8

1L L Var 1H L Var
12 | 8.927782 | 40.01481 | 12 8.927782 | 40.01481
12.5 | 7.881586 | 30.5736 | 125 | 7.710956 | 29.00881
13 | 7117659 | 24.6658 | 13 6.863485 | 22.65377
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13.5 | 6.538266 | 20.71914 | 135 | 6.242216 | 18.64497
14 | 6.083149 | 17.9322 |14 5.765306 | 15.92478
14.5 | 5713703 | 15.86743 | 145 | 5385476 | 13.97306
15 |5.408104 | 14.2905 | 10 5.075282 | 12.51602

10

9 \

2 \

7 \

6 \

5

4

3

2

1

0
12 12.5 13 13.5 14 14.5 15

Figure 6. L vs. By, (x-axis represents different values of @,;and y-axis of L)

10

sl N

7 \

6 \

5 \

12 12.5 13 13.5 14 145 15

Figure 7. L vs. B (x-axis represents different values of @;;and y-axis of L)
8. Result & Discussion

From above tables and graphs it can easily seen that with the increase of low arrival rate and high
arrival rate, partial queue length L; and total length of queue is increasing very fast. We can say that
the increase in high priority customers don’t affect the arrival of low priority customers. Also
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increase in high priority service rate and low priority service rate does not affect so much on the total
length of queue. Queue is dispersing all most at the same speed.

8. Particular case

If we take A,;,= 0, 415 = A, q12 =p1then the solution of the model looks like the model presented by
Singh T.P. & Bhardwaj Reeta [6]

9. Conclusion

The present model is already solved by Singh T.P. & Bhardwaj Reeta [6].In our model we consider
the case of those applicants also who has given the priority on the basis of some particular reasons.
Mean queue length is obtained with the help of generating function technique and classical formulas.
Behavioural analysis of the mean queue length is also discussed for different values ofA;; , 114,8;;
2Ly A particular case has also been discussed to check the validity of the model.
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