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Abstract: In this paper we introduce new modified cosine sums and thenusing the
sums we study the necessary and sufficient condition for L' - Convergence of
trigonometric cosine series underclass S & C. Also we do generalization of this
modified sum and proved the necessary and sufficient condition for the L'
convergence of this generalized sum.
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1. Introduction
Let
a0

(1.1) o + Zi=; ax Coskx
be the cosine series.and the partial sum of (1.1) be denoted by S,(x) and f(x) = lim,, _,__ 5,(X).

The integrabilty and L' convergence of trignometric series is studied by different authors time to
time and if we go back to the history of L* convergence of above trignometric series, very first time,
it was studied by Young[19] and Kolmogorov[10] and proving the integrability of cosine series by
taking the classes of convex and quasi- convex sequences respectively.

Definition 1. [17,18] : A sequence & is said to belong to class S ifax = 0(1) ,k — = and there exist a
sequence A such that (a) Acl0,k = wo(b)E3i -5 Ak < =0(C) |ax | < Ak
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Definition 2. A null sequence ak belongs to the class Cr;r=10; 1;2; 3; ........ , if for every € > 0; Aa
>0 suchthat [ | Z¢-, AakD k" (x)| dx <e, forall n. where

Dy (X) is the r-th derivative of Drichlet Kernel. Whenr = 0 we denoteCr = Ci.e. A null sequence an
belongs to the class C if for every €> 0, there existsa A(e) > 0, independent of n, such that

_Irf | Zi—pnsrdayDy(x)|dx <e, for all n>0

Many authors by studying the behaviour of L1 convergence of above said trignometric series proved
the same necessary and sufficient condition , under different classes of coefficients, which is as
follows:

anlogn = 0(1); n -0 iff |[f—S,|[=0(1); n—oo  (¥)

So many modifications are done by many authors while proving the L1 convergence of cosine series
. although they introduced so many classes to prove the result(*).The famous authors like Rees and
C.V. Stanojevic [14], Kumari and Ram [12], K. Kaur, Bhatia and Ram [9] , J. Kaur [8], Braha [3]
and Krasnigi [11], proved the necessary and sufficient condition for L* convergence by introducing
modified sine and cosine sums.

Rees and Stanojevi'c [14] introduced following modified cosine sums
gn(X) = %ELD Aay + X7_, 7, (Aaj) cOs KX

Following are the results which are proved by Garett and Stanojevic' by considering the class C [6]
of bounded variation Garett and Stanojevic' proved the following Result :

Theorem A. If a belong to the class C and is of bounded variation , then ||f — g, || = 0o(1); n — o
By considering the class S, Ram proved the folowing theorem:

Kumari and Ram introduced modified cosine sums as

ha(x) = EE_D + Y=g Zj=p A (j—_’f]kcoskx

and studied their L1-convergence under the condition that coefficient sequence ak belong to the class
S.

Garret and Stanojevic [1] have introduced modified cosine sums

1
fu(x) =3 k=0 Aay + Xp_y X7, (Aaj) cos kx
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In this paper , we introduce new modified cosine sum and will study the L' convergence of this
modified sum under the class S and C as follows:

On(X) = ﬂ + Zhoi D A (;f] k? cos kx

al ) 2 frq ) o] a
——+yr_ (R _Er T Pavs 0y plegskx
2 k—l( k2 (+1)® + nt (n+1)* j

=20 + 37, a,Coskx- Lﬁ‘ _y k*coskx
= Sn(X) - : I+15~Zk _, k*coskx

= S,(x) - =222 (—D; (%))
=Sy(x) + =25 (D ()

Under L' convergence, we will prove the following Main results:

Main Result 1: If a, belongs to the class S, then || g - gn||=0(1) asn = = iffo(n') =1

Main Result 2: If ax belongs to class C and an+1logn = 0(1) then ||g — gn || = 0(1)asn — wiff

1::
|an+110gn| = o(1)

2. Lemmas

We require the following Lemmas for the proof of our result:

2.1 Lemma[5]
If |ax | <1, then

fl Z:zuﬂkﬂk(le dx < C(n + 1)

Where C is a positive absolute constant.
2.2 Lemma [2,20]

The results mentioned in this lemma are well known.
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If Dn(x) and Dn"(x) are Drichlet and Conjugate Drichlet Kernels respectively and are defined by

Dn (X) = M , Dn_ — ‘:':'31.-"2—-|:|:|3|:H +‘§}x
2 Sinx /2 2 Einx/2
Then as per [12]

(i) |IDy'X)|| = % (n"logn) + O(n") , r=10,1,2,3,...... , where D,'(x) represent r-th derivative of the
Drichlet kernel.
(i) || DW'(X)|| = @ (n" logn), r=0,1,2,3,......
Again if Ky(x) denotes Fezer Kernel defined by
Kn(X) = — Z'=5 Dj(x), then
(@) (1) Da(x) = (n+1)Dn(x) - (n + 1)Kn(X)
(i))Dy""(x) = (n+1) Dy'(x) — (N+1) K'(x)

(b) (i) K@)l =O(1) (i) [IKa' (Il = O(n)

Proof of I\/Iain Result 1.
[9(X) — gn(X)| = Sn(x) + =5 237 D (%)
Applying Abel’s Transform

9(X)-Gn(X) = Zi=n+1 40, Dy (%) - @n+1Dn(X) + ,:::15;., Dn (%)

= X=_ .ia, D, (%) - apsaDn(X) + :“:1‘- Kn (X) , by using Lemma (2.2)

Now, Making use of Abel's Transformation and Lemma (2.1), we have

o 19(x) — g, () |dx < [T | Zcpss Ay Dy (x) | d- faneal [ 1K, (x) | dx - P222] [ 1K, (%) | dx
ﬂﬂ;{ 3

= .r | Zi=n+14 Dk(x]| dx- lan+al 1K, (o) | dxe -

EH |.r |K ()| dx ‘:.r | XE=ns1 44, E = Dy (x)| dx-

n+1

ol 1K, (o) dxef22 | [T K, ()] dx

<C Zizpea(k + 184, - fagnlf] 1K, () ldx - [222] [7|K, (x) | dx

n+l
The first term converges as per hypothesis, For 2" term ||Kq(x)|| = O(1),
For 3" term ||K,'(X)|| = O(n"), r=0,1,2.3....
So, 3" term converges iff O(n") =1

Proof of Main Result 2.
1900) ~ Gn(x)] = Sa(X) + 722435 Dn”(x)

Applying Abel’s Transform

g(x)-gn(x)=E —n+1 4@, Dy () - 8501Dn(X) + EI;jz Dn”(x)
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Now, Making use of Abel's Transformation and Lemma (2.1), we have
_r; lg(x) — g, () |dx< .r; | Zi=ns14a, Dy (x) | dx + [ans] ..E:an (x) ldx + |%| .r; D, (%) dx
1900 = ()l < f; | Efmpes 4@, Dy ()] dx + fanaal [IDa(X) [+ 2222 | Dy (X)|]

The first term converges as per hypothesis acc. to definition 2. and for 2nd and 3rd term we will use
Lemma 2.2(ii) and according to given condition || g- gn|| = O(2).

We can also do extention of this modified sum as

0:0) =5 + Zjey 7y A (D) K cos kx

Qi k+1) ay Ayn41 4
—+ + = —— ) k"coskx
L=y ;:4 C (k+1)* | nt {n+1]4]

ia
=— + Xk ayCoskx - “—;4 n_, k*coskx
= Sn(X) - ““*1 n_, k*Coskx

+1)¢
=S (X) ﬂn+1 (Dw(l’])
=S (X) 41 (Dw(l’])

Using Above modified sum, we WI|| prove the following result:

Main Result 3. If ax belongs to the class S and |a, logn| = O(1) then || g- gn|| = O(1) as n—x iff O
(nH=1

Proof of Main Result 3.

| 900) — 9n()] = Su(¥) — 7225 Dy"(X)
Applying Abel’s transform

9(X)-0n(X) = Zi=pn+14a; Dy (%) - an+1Dn(X) - {::E»: DniV(X)

= T2 40, D (%) - 28001Dn(X) + 2uiKn(X) + 2K, () + LK () + 255K (x) By using

Lemma (2.2)
Now, making use of Abel’s Transformation and lemma (2.1), we have

[Flg(x) — g (ldx < 7| Eiepes Aay Dy (x)| dx + 2lanal [F1D, () ldx+ fana| [T |K, (x)|dx +
|22 | 7|k (x) | dx + [T K () dc + Jy 1K ()| dx

ntl

s

T
—f | Ximns1 4 MED (ledx+2|an+1|f |D,, (x)|dx+ |an+l|.r |K, (xj|dx"'|ﬂq+'|.r |K (x]|rix+

Cnys

(n+1)%

E1+_

(nt+1)®

_Bnys

(m+1)®

_r |K (x]|d.x +

Jy 1K, ()] dx
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i3 - Aa; T T
< .r[,|Zk=n+1ﬂﬂk2f=ujﬂj(i’j|dx +  2lan+] fD|Dn[x]|rix+ |an+1| fu |K,(x)|dx +

Pnes s

(n+1)? (n+1)®
< C Zi= n+1(k+1]51‘1 + 2|an| .r |D,, () [dx+ Jans] .r |K, (x)|dx + |E1+'|.r |K [x:]|dx +

| 222 [ | K () | +

nt+1l

[ | K () | de + |- 1K, (x)] dx

E1+_

(m+1)®
The first term converges as per hypothesis, 2nd term converges as per given condition, for 3rd term ||
Kn(X)|| = O(1) , for rest of the terms || K,'(x)|| =0 (n") , r=10,1,2,3,.......

So, the proof will be completed iff O(n") = 1.

E'1+_

Jy 1K, (x)] dx

We can also make generalization form of above modified sum as
On(X) = 22+ T2 _ TR A( ;i] k"coskx, 1=12,3,4,.......
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