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Abstract

In this paper, we introduce the definition of I- open (closed) set
in hesitant fuzzy ideal topological space and we prove some results about it. Also, we define the concept
I-continuous and I-open (closed) map with prove results on them.
1.Introduction

The notion of fuzzy set was present by L.A. Zadeh [9] in 1965. Torra and Narukawa [8] in 2009 .
Torra [7] in 2010 was introduced the notion of hesitant fuzzy set, that is a function form a set to a power
set of the unit interval, the notion of hesitant fuzzy set was the other generalization of the notion fuzzy
sets.

In 1966 K. Kuratowski [3] was the first introduced the basic concept "ideal topological space, local

function and closure operators. M.E. Abd EL- Monsef, E.F. Lashien and A. A. Nase[1] in 1992 were
introduced more new properties of 1-openness. Also, were introduced new topological notions via ideals,
I-closed sets, I- continuous function, 1- open (closed) function.
J. Dontchev [2] In 1997 was studied the idea Hausdorff spaces via topological ideals and I- irresolute
functions. D. Sarker [6] was introduced to fuzzy ideal in fuzzy theory and the concept of fuzzy local
function. A.A. Salama and S.A .Alblowi [5] in 2012 were studied intuitionistic fuzzy ideals and
intuitionisyic fuzzy local function.

J.G. Lee and K. Hur[ ] in 2020 defined hesitant fuzzy topological space and base, obtain some of
their properties, respectively. Also, we introduce the concepts of a hesitant fuzzy neighborhood, closure,
and interior and obtain some of their properties
Furthermore, we define a hesitant fuzzy continuous mapping and investigate some of its properties.
Furthermore, we define a hesitant fuzzy subspace and obtain some of its properties.

Keywords: I-open (closed) set and |- continuous, I-open (closed) map, hesitant fuzzy ideal topological
space.

2.Preliminaries

Definition(2.1)[3]

Anideal I on a set X is a non-empty collection of subsets of X which satisfies the following:
1)A elandB < AthenB € 1.

2)A €elandB e LthenAUBE€E I
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If (X, t) be a topological space and I an ideal on X, the triple (X, z, I) is said to be ideal topological
space.

Definition(2.2)[3]

An ideal topological space is a topological space (X, ) with an ideal I on X and is denoted by (X,z,I).
For a subset A € X, A*(I,t) ={x € X:Anu¢&l,Vu e N(x)} is called the local function of A with
respect to I and . We will write A*(I) or simply A* for A*(I, 7).

Definition(2.3)

Let X is a non- empty set and L anon- empty family of hesitant fuzzy sets. We will call L is a hesitant
fuzzy ideal on X (HFI, for short) if:

1) IfheLandk S h=ke€lL,

2) IfhelLandk eL=>hU kE€EL.

Example (2.4)

Let X= {a, b} and h={<a, {0.1, 0.3}>, <b, {0.2, 0.3}>}.

Then, L={h% h, k : k € HFL (X) and k S h}is hesitant fuzzy ideal on X. Definition (2.5)

Let X be a reference set. Then:

1) If L;={h%}, then L, is said to be the smallest hesitant fuzzy ideal on X,

2) If L,is all hesitant fuzzy set, then L, is said to be the largest hesitant

fuzzy ideal on X.

Definition (2.6)

Let (X, 7) be a hesitant fuzzy topological space and L be a hesitant fuzzy ideal on X, then (X, , L) is said
to be a hesitant fuzzy ideal topological space (in short, HFLTS).

3.1- Open (Closed) in Hesitant Fuzzy Ideal Topological Space

Definition (3.1)

Let (X, 7, L) be a hesitant fuzzy ideal topological space and h € HFS(X), h is said to be I —open if h <
inty(h*) we denoted by 10(X,7) = { h € HFES(X): h C inty(h™)} or simply write /0 for I0(X, ). And
his said to be I —closed if its complement is 10 (X, 1), [i.e.h€ € I0(X, T)], it denoted by IC (X, 7).

Example (3.2)

Let X = {x}, = {h% h', k} and = {h°}, where k(x) = [0.2,0.5],
h(x) =[0.4,0.6] and « = {0.2}

Since h*(L,t) =U{x, E Hp(X):hNnU & L, U € t}.

Then, x, € Hp(X)impliessh! nh ¢ Landk nh & L.

Then, h*(L,t) = cly(h)

Since cly (h) =n {F is hesitant fuzzy closed setin: h € F}.

Then, HFCS(X) = {h1, h°, k°}, where k¢(x) = [0,0.2) U (0.5,1]
So, h € hl implies cly (h) = kY, then inty (cly (h))= inty (hY)

Since inty (h') =U {U is hesitant fuzzy open setin z: U € h}.

Then, h° € ht,h! € hl k c At implies int, (h) = h° U hl U k = k1.
Hence inty ( cly(h))= h1, then h € inty(h*). Then, his I — open set.
Proposition (3.3)
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Let (X,7,L) be a hesitant fuzzy ideal topological space and h,k € HFS(X). if h € I0(X,7) and k € T,
thenh N k € 10(X, 7).

Proof

Since h € I0(X, 1), then h < inty(h").

Thenhn k S inty(h*) N k.

Since k € 1. Implies inty (k) = k

Hence hn k S inty(h*) ninty(k) = inty(h* N k).

So,hn k € inty(h* Nk),

by Theorem[A*N B S (AN B)*],thenh*nk S (h N k)*

Hence inty( h* Nnk) C inty(h N k)*

So,hn k Cinty(h*nk) S inty(hn k)" Thushn k S inty(hn k)*.
Hence hn k € I10(X, 7).

Remark (3.4)

The intersection of two I —open sets need not be I —open set as the following example.

Example (3.5)

Let X = {x},7 = {h° h', hy, h,} and = {h°}, where

hy(x) = {0.1,0.2}, h,(x) = {0.1,0.2,0.3}, h(x) = {0.1,0.3},

k(x) ={0.2,0.3,0.4},a = {0.1} .

Then, h*(L,t) = cly(h). Since cly(h) =N {F is HFCS(X):h € F}.

HFCS(X) = {h',h° h$, hS}, such that h¢ = [0,0.1) U (0.1,0.2),U (0.2, 1],
¢ =10,0.1) U (0.1,0.2) U (0.2,0.3) U (0.3,1] .

Then h € h' implies ¢l (h) = ht

Since int(h') =u {U € 7:U € h'}.

Then h® € h',h' € h',h, € h',h, € h?

Thus, int(h') = h°u h' Uh; U h, = ht.

Hence h € inty (h*). Then his I — open. To prove, k is I — open.

Since L = {h°}, then k*(L,7) = cly (k).

Since cly (k) =N {G is S(X): k € G}. HFCS(X) = {h*, h% RS, hS}.

Where, h{ =[0,0.1) U (0.1,0.2),U (0.2,1],
$=10,0.1)u (0.1,0.2) U (0.2,0.3) U (0.3,1] .

Then k € ht implies cly (k) = ht

Since int(h!) =U {4 € 1: 4 € h'}.

Then h® € h',h! € hl,h; € hl,h, € h?

Thus, int(h') = h° U h* U hy U h, = R

Hence k < inty (h*). Then k is I — open.

So that h(x) N k(x) = A(x) = {0.3}, then A*(L, 1) = cly(A)

Hence A € h§, A € htimplies cly (A) = h¢ N hl = hS.

Then inty (h§) = h® implies A & inty(A*). Thus A is not I — open

Remark (3.6)

The concept I —open sets and open sets are independent

4. I-Continuous and I-Open (Closed) mapping in Hesitant Fuzzy Ideal Topological Space

Definition (4.1)
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A map f:(X,t,1) — (Y,) is said to be I — continuous mapping if every open set h € ¥, f~1(h) €

10(X,71).

Definition (4.2)

A map f:(X,t,]1) — (Y,y,]) is said to be [ —irresolute continuous mapping if every h €

10(Y, ), f~1(h) € 10(X, 1) and denoted by Irr — continuous mapping.

Definition (4.3)

Amap f:(X,t) — (Y,y,I) issaid to be I — open if every h € T,

f(W) € 10(Y, ).

Definition (4.4)

Amap f:(X,t,1) — (Y,y,]) is said to be I —irresolute open if every h € I0(X, 1), f(h) € I0(Y,y) and

denoted by Irr — open.

Definition (4.5)

Amap f(X,7) — (Y,y,I) issaid to be I — closed if every h € T,

f(R) €IC(Y, ).

Definition(4.6)

A map f:(X,t,I) — (Y,y,]) is said to be I —irresolute closed if every h € IC(X, 1), f(h) € IC(Y,¢)

and denoted by Irr — closed.

Proposition (4.7)

Let f: (X, t4,L1) — (Y, 71y, L) is Irr — continuous and

g:(Y,t,,Ly) — (Z,73) is I — continuous, then

gef:(X,tqy,L1) — (Z,13) is I — continuous function.

Proof

Let h € 75 since g is I - continuous, then g~1(h) € 10(Y, 1y).

Since f is Irr- continuous and g~1(h) € 10(Y, ).

Then f~*(g~"(h)) € 10(X,1).Since f (g~ (W) = (g > /)" (W)

Hence (g o f)~1(h) € 10(X,1,).Thus g o f is I - continuous.

Example (4.8)

The identity mapping I: (X,7,L) — (X,t,L) is Irr — I - continuous. Let h € I0(X,1), then f~1(h) =

hel10(X,1).

Theorem (4.9)

Let f: (X, 74,L1) — (Y, 1,) be a mapping, then the following are equivalent:

1) fisI - continuous.

2) For each x, € Hp(X) and h € 1, containing f (x,), there exist k € I0(X, t,) containing x, such that
f(k) € h.

3) Foreach x, € Hp(X) and each h € 1, containing f(x,), (f “1(h))* is a neighbor hood of x,.

Proof (1)= (2) Letx, € Hp(X) and h € 7, containing f(x,),

By (1) f is I - continuous, then f~1(h) € I0(X, ), put f~1(h) = k

Then k € 10(X,1,). Since f(x,) € h implies x, € f~1(h), so x, € k.

Then (k) = f(f~*(h)) and f(f~*(h)) S h. Hence f (k) € h.

Proof (2)= (3) Letx, € Hp(X) and h € 7, containing f(x,).

From (2) x, € f~1(h), since f is I - continuous, then f~1(h) is I - open

Then f~1(h) C inty(f ' (W)* € (F~H(R)”

X, € f71(h) € (f~1(h))* implies (f ~1(h))* is neighborhood of x,,.
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Proof (3)= (1)

Let x, € Hp(X), h € T, containing f(x,) and (f~1(h))* is neighborhood of x,. Since (f~1(h))* is
neighborhood of x,, there exists I -open set k such that x, € k S (f~1(h))* then f(k) <
fEI M) s h

Theorem(4.10)

A function f: (X, 7t4,L,) — (Y, 1) is I -continuous if and only if the inverse image of each hesitant
fuzzy closed set in t, is I -closed.

Proof

Suppose that f is I - continuous and h hesitant fuzzy closed set in 7,

Then h€ is hesitant fuzzy open set in 7,, since f is I - continuous

So, f~1(h%) € I0(X, 1), then ( f~1(h)¢ € I0(X, 1),

Thus f~1(h) € I —closed in 74

Suppose that the inverse image of each hesitant fuzzy closed set in 7, is

I —closed, leth € 7,

Implies A€ is hesitant fuzzy closed set in 7, then f~1(h¢) € I —closed in 7,

Then f~1(h¢) € I —closed in 7, implies f~1(h))¢ € I —closed in 7,

Hence f~1(h) € I0(X,1,).

Theorem(4.11)

Let f: (X,t4,L1) — (Y, 15, Ly)is I - continuous and

f~Y(h*) € (f~1(h)) *. Then f is Irr - continuous.

Proof

Let h € I0(Y, t,) implies h € inty(h*). Then f~1(h) € f~1(inty(h*)), so f~1(h) € inty (f~1(h*)).

Since f~(h") € (f ' () *, then inty (f 71 (h*)) < inty (fH(R))
Then £ (k) € inty (f~1(h")) € inty (F1(R)) ",

Hence f~1(h) € inty (f~(h)) *. Then f~1(h) € I0(X, T,).
Theorem (4.12)

Let f:(X,74,L;) — (Y, 15,Ly)and g:(Y,1,,L,) — (Z,73), if fis surjection, ( gof) 1(h*) S
((g ° f)~t(h)) * and both f and g are I - continuous then g o f is I - continuous.
Proof

Let h is hesitant fuzzy open set in 75, since g is I - continuous,

then g~1(h) € 10(Y, 7,) implies g~1(h) € inty (g~ 1(h))*

Then £~ (g7 (W) < f " (inty (g7 (h))") .

Implies f~1 o g71(h) € inty(f~* (g7 (h)).

Then f=1 o g71(h) € inty(f~* o g7 (h).

So, (g o f)'(h) Sinty(gof)~'(h) S inty((gef) 1 (R)

Then (g o f)~'(h) S inty((go f) ()"

Hence(g o f )~1(h) € 10(X, 1,).

Theorem (4.13)
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Let f:(X,74,L1) — (Y,73,Ly) and g:(Y,75,L,) — (Z,15,L3) are two I —open function, then g o
f:(X,71,L1) — (Z,73,L3) is I —open.
Proof
Let h is hesitant fuzzy open set in ;.
Since f is I —open function, then f(h) € I0(Y, T,).
Since g is I —open function and f(h) € I0(Y,1,), then g(f(h)) € I0O(Z,13),
Then g o f(h)) € I0(Z,73). Hence g o f I —open function.
Theorem (4.14)
Let f: (X,t,) — (Y,1,,L) is I —open if for each x, € Hp(X) and each neighborhood of x, there exist
[ —open set k € HFS(X) containing f(x,) such that k € f(h)
Proof
Let x, € Hp(X) and € ;. Since f is I —open, then f(k) € I10(Y, t,).
So that, f(k) € inty(f~1(k))*.
Since there exists neighborhood of x, then x, € k < h.
Since x, € k, then f(x,) € f(k). So that, f(k) < f(h). Implies A = f(k) < f(h).
Theorem(4.15)
For any bijective function f: (X,t,) — (Y, 1,, L) the following are equivalent:
(1) (Y, 1, L) — (X,1,) is I — continuous
(2) fisI— open.
(3) fisI— closed.
Proof (1) = (2)
Suppose that f~1is I — continuous and h is hesitant fuzzy open set in 7,
Then (f~1)~1(h) € 10(Y,1;,),s0 f(h) € I0(Y,1,). Hence f is I — open.
Proof (2) = (3)
Suppose that f is I — open and h is hesitant fuzzy closed set in 7,
Then h€is hesitant fuzzy open set in 7;since f is I — open.
So, f(h¢) €el0(Y,t,) implies ( f(h))¢ € I0(Y, ;)
Hence f(h) € I —closed in t,. Thus f is I — closed.
Proof (3) = (1)
Suppose that f is I — closed and h is hesitant fuzzy open set in 7;.
Then h€ is hesitant fuzzy closed set in 74, since f is I — closed.
So f(h¢) € I —closed in 7, implies ( f(h))¢ € I —closed in T,
Hence f(h) € 10(Y, 1), since (f~1)"1(h) = f(h).
Then (f~1)"1(h) € 10(Y,1,). Thus f~1isI — continuous.
Theorem (4.16)
If f:(X,74,L1) — (Y, 1y, Ly) is Irr — open and for each h € HFS(S),
f(h*) c [f(h)]*, then the image of each I — open set is I — open.
Proof
Suppose that h € I0(X, 71), then h € inty (h™)

Implies f(h) € f(inty(R*)). Then f(h) € inty(f(h*)).
Since inty (f(h*)) € inty (f(R))*.

Then £ (h) € inty (f(h))".Hence f(k) € I0(Y,1,).
Theorem (4.17)
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Let f: (X,74,L1) — (Y, 1y, Ly) and g: (Y, 7,,L,) — (Z,73,L3) are two functions where Ly, L,, Lz are

ideals on X, Y and Z respectively. Then:

1) gofislI —open,if f is open function and g is I —open.

2) fisl—openifgeo fisopenand g isI — continuous.

3) If fand g are two I —open, f is surjective and g( h*) < [g(h)]* foreach h € HFS(X), then g o f is
I —open.

Proof (1)

Suppose that g o f: (X, t4,L1) — (Z,13,L3) and h is hesitant fuzzy open set in 74, since f is open, then

f(h) is hesitant fuzzy open set in ,. Since g is I —open and f(h) € 1, , then g(f(h) € I0(Z, t3). Hence

go f(h) €10(Z,t3). Thus, g o f is I —open.

Proof (2)

Let h is hesitant fuzzy open set in 74, since g o f is open function.

Then g o f(h) is hesitant fuzzy open set in 3, since g is I — continuous.

Implies g~ (g ° f)(h) € 10(Y, 1), then f(h) € IO(Y,t,).Thus f is I —open.

Proof (3)

Let h € 4. Since f is I —open, then (h) € I0(Y, 73).

Implies f(h) < inty( f(h))".

Then g(f(h)) <€ g(inty(f(h))").So, (g ° f)(h) & inty(g(f(R))")

(geo )W) € inty(g(f(h™)),s0 (g e f)(h) € inty(gefH(h*)

(gef)(h) €lO(Z,t3).Then g o fisI —open.

Theorem (4.18)

Let f: (X,74,L1) — (Y, 1y, Ly) and g: (Y, 7,,L,) — (Z,73,L3) are two functions where Ly, L,, Lz are

ideals on X, Y and Z respectively. Then:

1) g o f is I —continuous, if f is continuous function and g is I — continuous.

2) f is I — continuous if g o f is continuous and g is I — open.

Proof (1)

Letgef:(X,1q4,L1) — (Z,13,L3) and h € 5.

Since g is I — continuous, g~ (h) € I0(Y, T5).

Then f is continuous, then =1 (g™t (h)) € I0(X, Ty).

Thus, (g e f)t(h) € I0(X,Ty).

Hence g o f is I —open.

Proof (2)

Let h € 7,,since g is I —open, then g(h) € I0(Z, T53).

Since g o f(h) is continuous, then (g o f )~ (g(h)) € I0(X, ;).

Then, f~1 (g7 (g() € I0(X, 7).

Implies f~1(h) € I0(X,1y).

Thus, f is I —open.
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