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ABSTRACT
Let G be a simple connected graph  of  order m. Let D»(G, i)
be the family of Z—dominating sets in G with cardinality i. The polynomial
D2(G, x) = iH;Yz(G) d,(G,i)«"' is called the 2-domination polynomial of G. In this paper we obtain a
recursive formula for d2(Ch, i). Using this
recursive formula we construct the 2-domination polynomial,

D2(Cm, x) = Zf‘;[m_ﬂ] d,(C,y, D) x!, where da(Cnm, i) is the number of 2-dominating sets of Cr, of cardinality
2

i and some properties of this polynomial have been studied.
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I. INTRODUCTION

Let G = (V, E) be a simple graph of order m. For any vertex veV, the open neighbourhood of V is
the set N(v) = {ueV / uveE} and the closed neighbourhood of V is the set N[v] = N(v) U {v}. For a set
S ¢V, the open neighbourhood of S is N(S) = U,es N(v) and the closed neighbourhood of S is N[S] =
N(S) U S.

A set D cV is a dominating set of G if N[D] =V or equivalently, every vertex in V — D is adjacent to at
least one vertex in D.

The domination number of a graph G is defined as the minimum cardinality taken over all
dominating sets D of vertices in G and is denoted by y(G).

We use the notation [x] for the smallest integer greater than or equal to x and |x| for the largest integer
less than or equal to X. Also, we denote the set
{1, 2,3 ... m} by [m], throughout this paper.
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Il. 2-DOMINATING SETS OF CYCLES
In this section, we state the 2-domination number of cycle and some of its properties

Definition 2.1:

Let G be a simple graph of order m with no isolated vertices. A subset DSV is a
2-dominating set of the graph G, if every vertex v eV—D is adjacent to at least 2 vertices in D. The
minimum cardinality taken over all 2-dominating sets of G is called the 2-domination number and is
denoted by y2(G).

Lemma 2.2:
Let Cn be the cycle with m vertices, then its 2-domination number is )/Z(Cm):[%].

Lemma 2.3:
Let Cm, m > 5 be the cycle with [V(Cw)| = m. Then, d2(Cp, i) =0

if i<[Z] or i>m and do(Cm, i) > 0if [2| <i < m.

Proof:
If i< [g] or i>m, then there is no 2-dominating set of cardinality i.

Therefore, D2(Cnm, i) = 6.
By Lemma 2.2, the cardinality of the minimum 2-dominating set is [%]

Therefore, dx(Cn, i) >0 if i >[5 and i<m.

Hence, we have, d2(Cm, i) =0 if i< [%] or i>m and dz(Cm, i) >0 if [%] <i<m.

Lemma?2.4:
Let C, m = 5 be the cycle with m vertices.
(i) If D2(Cm1, i-1) = ¢ and D2(Crns, i-1) = ¢, then D2(Cm-z, i-1) = ¢.
(ii) If D2(Cm1, i-1) # ¢ and D2(Cns, i-1) # ¢, then D2(C2, i-1) # ¢.
(iii) If D2(Cm, i-1) = ¢ and D2(Cn2, i-1) = ¢, then D2(Ch, i) = ¢.
(iv) If D2(Cm-1, i-1) # ¢ and D2(Crn2, i-1) # ¢, then D2(Ch, i) # .
Proof:
(i) Let Do(Cint, i-1) = ¢ and D2(Crns, i-1) = ¢.
Then by Lemma 2.3,
i—1> m-1 or i-1< [m—_l] and i-1> m—-3 or i-1< [m—_3]
2 2
Therefore, i-1> m—1 or i-1< [mT%]
Hence, i—1> m—2 or i-1< [mT_Z] holds.
Hence, D2(Cin-2, i-1) = ¢.
(ii) Suppose that D2(Cm-2, i-1) = o.
by Lemma 2.3, then
we have, i—-1> m—2 ori-1< [mT_Z]
If i—1 > m—2,then i—1> m-3.
Therefore, Do(Cn-3, i-1) = ¢, a contradiction.
If i—1<["2] , then i-1<[==| holds.
2 2
Therefore, d2(Cm-1, i-1) = ¢, a contradiction.
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Hence, D2(C-2, i-1) # ¢.
(iii) Since D2(Cm-1, i-1) = ¢ and D2(Crn-2, i-1) = ¢,
by Lemma 2.3,
i—1> m—1 or i-1< [m—_ll and i—1> m—=2 or i-1< [m—_zl
2 2

Therefore, i—1> m—1 or i-1< [mT_z .

Therefore,i > m or i< [%]

Hence, d2(C, 1) = ¢.
(iv) By hypothesis,
[ <i-1<m-1and =] <i-1sm-2
Therefore, [mT_Z] <i—1<m-1L
Therefore, [%] < i < m holds.

Hence, D2o(Cn, 1) # 0.

Lemma25:
If D2(Ch, 1) # ¢, then for every m > 5, we have,
(i) Do(Cme1, 1-1) = ¢, D2o(Cmz, i-1) # ¢ and Do(Cms, i-1) # ¢ iff m =2k—1 and i = Kk

for some k = 3.

(ii) D2o(Cm-1, i-1) # ¢, D2(Cinez, i-1) = ¢ and D2(Crns, i-1) = ¢ iff i=m.

(iii) D2(Cm-1, i-1) # ¢, D2(Ciz, i-1) # ¢ and D2(Cr-3,i-1) = ¢ iff i = m—1.

(iV) D2(Crns, i-1) # ¢, Do(Cmz, i-1) # ¢ and Da(Cma, i-1) # ¢ iff [mT_llﬂg i< m-2
Proof:

(i) Assume D2(Cp.1, i-1) = ¢, D2(Cm-2, i-1) # ¢ and Do(C-z, i-1) # ¢.

Since, D2(Cn, i-1) = ¢,

by Lemma 2.3, i-1>m-1 or i—1< [mT_l]

If i—1>m-1, then i>m, which implies D2(Cn, i) = ¢, which is a contradiction.
Therefore, i—1 < [mT_ll

Thatis, i <[] - )

Since, D2(Cm-2, i-1) # ¢ and D2(C-s, i-1) # ¢, we have

2| <i-1<m-2and [ <i-1<m-3.

Therefore, [mT_Z] <i—1<m-3.

Therefore, [%] £ J——— (1)

From (1) and (2)

We get 7] <i< [~

This inequality is true only when m = 2k—1 and i =k for some k € Nand k > 3.
Conversely, assume that m = 2k—1 and i = k

Therefore, m—1 =2k—2and i —1 = k— 1.

Therefore, k = mTH

We have, i—1 = k-1
_ m-1 m—1
= < [T]
Therefore, D2(Cm.1, i-1) = ¢.
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Als0, Da(Crnez, i-1) = Da(Caca, K—1) # &, since, [?] = [k —3/2] = k—1.
D2(Crs, i-1) = Do(Cas,k—1) # o, since, [2"2—‘5] = [k - 5/2] =k-2.

(if) Assume D2(Cm-2, iI-1) =¢ and D2(Cm.s, i-1) = ¢ and D2(Cr, i-1) # ¢.
Since, D2(Cm-2, i-1) = ¢ and Dz(Cms, i-1) = ¢,

Then by Lemma 2.3,

We have i—1 > m—2or i—-1 < [mT_Z] and i—-1 > m—3or i—-1 < [mT_?’]

Therefore, i—1>m—2 ori—1< [mT_3 .

If i—1 < [=2], then i-1 < |7 holds.
Therefore, by Lemma 2.3,

D2(Cm, i) = ¢, which is a contradiction.
So, we have, i—=1 > m-2
Therefore, i=m -----------—---- @
Also, since D2(Cp.1, i-1) # ¢,

We have ["=| <i—1<m -1
Therefore, i <m  ---------ommm- 2
From (1) and (2) we get,i=m
Conversely, if i = m,

Dz(Cm.z, i-l) = Dz(Cm.z, m—l) = (I)
Dz(Cm.3, i-l) = Dz(Cm.g, m—l) = (I)
D2(Cm1, i-1) = D2(Cm-1, m-1) # ¢

(iii) Assume that, Do(Cm-1, i-1) # ¢, D2(Cm-2, i-1) # ¢ and D2(Cms, i-1) = ¢.
Since, D2(Cins,i-1) = ¢,
then by Lemma 2.3, i—1 > m—3 or i—1< [m7_3
If i—1< [m—_g],then i< [m] holds.
2 2
Therefore, D2(Cm, i) = ¢, which is a contradiction.
Therefore, i—1 > m —3.
Therefore, i > m—1 --------------- (1)
Since, D2(Cm.y, i-1) # ¢ and D2(Cins, i-1) # 0,
Wehave[mT_l]Si—1§m—1 and[mT_z]Si—1Sm—2.

Therefore, [mT_ll <i-1< m-2

Therefore, i < m—1 ---------mm-—- (2).
From (1) and (2) we get,

i=m-—1.
Conversely,

suppose i= m —1,

Then, Dz(Cm.l, I-l) = Dz(Cm.l, m-2) * (I),
DZ(Cm»Z, I-l) = Dz(Cm.z, m-2) * (I) and
Dz(Cm>3, I-l) = Dz(Cm.s, m-2) = (I)

(iv) Assume that, Do(Cm-1, i-1) # ¢, D2(Cmez, i-1) # ¢ and Da(Cmes, i-1) # ¢.

Then by Lemma 2.3, we have,
<i-1sm-1 [ <i-1<sm-2 and [ <i-1<m-3.
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Therefore, [mT_ll <i—-1<m-3

Hence, [mT_ll+1SiSm—2

Conversely,

suppose [mT_l] +1<i<m-2

Then, |"=| <i-1<m-3,

Therefore, [mT_Z] <i-1<m-2, [mT_3] <i—-1<m-3.

From these we obtain,
D2(Cm-1, i-1) # ¢, Do(Cmnz, i-1) # ¢, D2(Crnes, i-1) # .

Theorem 2.6:
Foreverym=>5and i > [%]

(i) D2(Com, m) = {1,3,5,...,2m—-1}U {2,4,6,...,2m}.
(ii) If D2(Cm-2, i-1) = ¢, D2(Cns, i-1) = ¢ and D2(Cng, i-1) # ¢,
then Do(Cp, i) = D2(Cn, m) = {1,2,3,....m}= [m].
(iii) If D2(Cm-1, i-1) # ¢, D2(Cn2, i-1) # ¢, and D2(Cn3, i-1) = ¢,
then D2(Cm, m-1) = {[m]—{x} / x € [m]}.
(IV) If Dz(Cm.l, I-l) = (1), Dz(Cm.z, I-l) * ¢ then,
D2(Ch, 1) = {{XU{m—1} if m—3 € XJU{X U {m}if m—2 € X} /X € Do(Cn-2, i-1)}
(V) If D2(Ci-t, i-1) # ¢, D2(Cinz, i-1) = ¢
then, Da(Cm, i) ={Y U {m} /Y € Do(Cn, i-1)}
(vi) If Do(Cna, i-1) # ¢, Do(Crnz, 1-1) # 0
then, Do(C, i) = {{X U {m—1} if m—3 € XJU {X U {m}
if m=2 eXjU{Yu{m-1}if m-2 eY}U {Yu{m}if m—1€eY}}

Where X € Dy(Cm-2, i-1) and Y € D2(Cpn.y, i-1).
Proof:
(i) For every m > 5, Do(Com, m) = {1,3,5,...,2m—1}U{2,4,6,...,2m}.
(II) Since Dz(Cm.z, i-l) = (I), Dz(Cm.g, i-l) = (1) and Dz(Cm.1, i-l) *+ ¢,
by Lemma 2.6 (ii), i = m.
Therefore, D2(Crm, i) = D2(Cn, m) = [m].
(iii) If D2(Cmna, i-1) # ¢, D2(Cm-2, i-1) # ¢ and D2(Cins, i-1) = 6.
Then, Da(Ch, i) = D2(Cn, m—1) = {[m]—{x}x €[m]}.
(iv) Let X be a 2-dominating set of Cn. with cardinality i—1. All the elements of
D2(Cm-2, i—1) end with m—3 or m—2. Therefore, m—3 € X, adjoin m—1 with X and when m—2 € X
adjoin m with X. Hence, every X of D2(Cnm-2, i-1) belongs to D2(Cm, i) by adjoining m—1 and m.
(v) Let Y be a 2-dominating set of Cy.1 with cardinality i—1. All the elements of D2(Cn.1, i-1) end with
m—1. Adjoin m with Y. Hence, every Y of D2(Cm., i-1) belongs to D2(Cw, i) by adjoining m only.
(vi) The construction of D2(Cm, i) from D2(Cp.1, i-1) and D2(Cp-2, i-1)
Let X be a 2-dominating set of Cr.. with cardinality i—1. All the elements of D2(Cm-2, i-1) ends with m—3
or m—2. Therefore, m—3 € X, adjoin m—1 with X and when m—2 € X adjoin m with X. Hence, every X
of Dy(Cm-2, i-1) belongs to D2(Cn, i) by adjoining {m—1} or {m} only. Now let us consider D(Cm.1, i-1),
Here all the elements of D2(C.-1, i-1) end with m—2 or m—1. Now let Y be 2-dominating set of Cim-1 with
cardinality
m-—1.
Here all the elements of D,(Cm.1, i-1) ends with m—2 or m—1. Therefore, when m—2 € Y, adjoin m—1
with Y and when m—1 € Y, adjoin m with Y. Hence, every Y of D2(Cn.1, i-1) belongs to D,(Cw, i) by
adjoining {m—1} or {m}.
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Theorem 2.7:

If D2(Ch, 1) is the family of the 2-dominating sets of C, with cardinality i, where i > [%]
Then dz(Cm, 1)= d2(C-1, i-1) + d2(Cm2, i-1).

Proof:
From Theorem 2.6, we consider all the four cases as given below, where i > [%]

(i) 1f Do(Coms, i—1) = ¢ and Da(Cme, i—1) = ¢, then Dz(Cum, i) = ¢
(i) If Do(Cms, i-1) = ¢, Da(Cmez, i-1) # ¢ then,

D2(Cm, i) = {{X U {m—1} if m—3 € X}U
{X U {m}if m=2 € X} /X € Do(Cum2, i-1)}.

(iii) If Do(Cma, i-1) # ¢, Do(Crp, i-1) = ¢

then, Da(Cm, 1) ={Y U {m} /Y € D2(Cn, i-1)}

(iv) If D2(Cm-1, i-1) # ¢, D2(Cn-2, i-1) # ¢ then

Da(Cm, 1) = {{X U {m—-1} if m—3 € XJU {X U {m}if m—2 e XJU{Y U {m-1}

if m=2 eY}U{YUu{m}if m—1€Y}}
Where X € D2(Cn-2, i-1) and Y € D2(Cp1, i-1).
From the above construction we obtain that
d2(Cr, 1) = d2(Cr, i-1)+ d2(Crn-z, i-1).

111. 2-DOMINATION POLYNOMIALS OF CYCLES

Definition 3.1 :  Let Do(Cn, i) be the family of 2-dominating sets of Cy, with cardinality i and let da(Cn,
i) = |D2(Ch, i)|. Then, the 2-domination polynomial D2(Cm, x) of Cr is defined as,
D2(Cm, x) = XiZ,, ©m dy(Cn, )2t

where y2(Cn) is the 2-domination number of C.
Theorem 3.2 :

For every m =5,

D2(Cm, x) = 2 [D2(Cu-1, x) + D2(Cr2, 2)] with the initial values

D,(Cs, x) = x3+3x2

D2(Cs, x) =x 4x34+2x 2

Proof:

We have d2(Cm, i) = d2(Cr-1, i-1) + d2(Cin-z, i-1)
Therefore,

d2(Cm, 1) x' = d2(Cn-1, i-1) x'+ d2(Crne, i-1) x !

Z dz(Cm, I) xl = Zdz(cm.l, I-l) x! +Z dz(Cm.z, I-l) ]

= dez(Cm.l, I-l) a1+ xz dz(Cm.z, I-l) x

D2(Cm, x) = %xD2(Cmn, x) + xD2(Ci2, x)

D2(Cm, ) = x[ D2(Cm1, x) + D2(Cm2, x)], with the initial values

D2(Cs, x) =x3+3x?

D2(Cs, x) = *+4x3+2x2
We obtain d2(Cn, i), for 2< m <15 as shown in table 1
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TABLE 1
d2(Ch, 1) , the number of 2-dominating sets of Cr, with cardinality i

m\i| 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15
Cs 3 1

Cs | 2 4 1

Cs | 0 5 5 1

Cs | O 2 9 6 1

C:| 0 0 7 |14 | 7 1

Cs | O 0 2 |16 | 20 | 8 1

Co| O 0 0 9 | 30|27 | 9 1

Cip| O 0 0 2 | 25|50 | 35 | 10 1

Cul| O 0 0 0O |11 |55 | 77 | 44 | 11 1

Ci| O 0 0 0 2 | 36 |105| 112 | 54 | 12 1

Ciz| O 0 0 0 0O | 13 | 91 | 182|156 | 65 | 13 1

Cu| O 0 0 0 0 2 | 49 1196|294 |210| 77 | 14 | 1

Cis| O 0 0 0 0 0 | 15 |140| 378|450 |275| 90 | 15 | 1

In the following Theorem, we obtain some properties of dz(Cm, i).
Theorem 3.3:
The following properties hold for the coefficients of D2(Cpm, x).
(i) d2(Cm, m) = 1, for every m = 3.
(i) d2(Cm, m—1) = m, for every m > 3.
(iii) d2(Cr, m—2) = Z[m?—3m], for every m 2 4.
(iv) d2(Cm, m=3) = %[m3—9m2+20m], for every m > 6.
(v) d2(Cm, m—4) = i[m4—18m3+107m2—210m], for every m > 8.
(vi) d2(Com, m) = 2, for every m > 4.
(vii) d2(Com-1, m) = 2m—1, for allm > 5.
(viii) d2(Com, m+1) = m?, m>2.

CONCLUSION
In this paper, the 2-domination polynomials of cycle has been derived by identifying its 2-
dominating sets. It also helps us to characterize the 2-dominating sets of cardinality i. We can generalize
this study to any power of cycle and some interesting properties can be obtained via the roots of the 2-
domination polynomial of Cp.
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