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Abstract

This present study successfully constructed a specific commensal model of two species (Commensal-
Host) in a syn eco-system with harvesting in both ways (i.e constant and variable rates). The nine
equilibrium points are obtained with the essential conditions for their existence and also categorized
under Interdependent and non Interdependent cases. The global stability of this ecological model is
examined with Liapunov Technique.

Key words: Commensal, Host, Stability, Harvesting.
1. INTRODUCTION

Stability analysis of linear, time-invariant systems can be done using a variety of methods.
Stability analysis for non-linear systems which may be extremely difficult or impossible in some
cases. For non-linear systems, Liapunov Stability Analysis is one of the effective methods that can
be used effectively and frequently. A.M. Liapunov established the direct approach to explore global
equilibrium state stability in 1892.His method is based on Liapunov's function, which is the most
important feature of building a scalar function. That is, we may observe the stability of any
ecological or mathematical model not solving directly but examining it by using Liapunov's method.
This is useful to solve non-linear and/or time-invariant state equations. Furthermore, the approaches
in this concept used there necessitate explicit knowledge of matching linear system solutions.

In a standard ecological system, the predator consumes the prey in order to survive, while the
prey adds members to the system as they are hunted down to keep the system in balance. Primitive
humans used to hunt animals or gather crops, leaving behind a group of persons to raise for future
generations. Only when humans are involved in the interaction does the concept of harvesting come
into play, as we kill or harvest a proportion of the population, unlike a typical predator. Harvesting
encompasses everyday human activities such as agriculture, cattle, sheep, and hen rearing, among
others. Agriculture was learned by humans, and they harvested the product when it was ripe. We
learned how to make use of these items and harvest them for beneficial purposes during
development. Growing cattle and sheep for milk and wool, keeping poultry farms for meat,
sustaining fisheries for fish, and so on are all examples of harvesting phenomena. Another key area
where harvesting is done with extraordinary caution is the fishing industry. Actually the maximum
number of individuals that can be harvested from a population equals the population's recruitment
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rate is referred to as Maximum sustainable yield. The number of new people added to the existing
population is referred to as the recruitment rate in general.

Commensalism is a sort of living-organism relationship in which one organism benefits from the
other without damaging it. A commensal species obtains mobility, shelter, food, or support from the
host species, which (for the most part) neither benefits nor is damaged. Commensalism can range
from brief interspecies interactions to long-term symbiosis.Simply, Commensalism is a symbiotic
connection in which one species benefits while the other is not damaged or aided.The species that
benefits is referred to as a commensal. The host species refers to the other species.A golden jackal
follows a tiger to eat on leftovers from the tiger's kills is an example. Here golden jackal acts as a
commensal and a tiger as a host.

In multicultural perspectives, K.V.L.N.Acharyulu et.al [2-9] investigated the local and global
stability of numerous mathematical models of ecology. Kapur J.N [1] and several mathematicians
[10-18] have developed key viewpoints and ideas in Mathematical Ecology, as well as intriguing
applications for understanding the behaviours of various ecological models. Local stability indicates
that the system is stable in the face of modest disruptions, whereas global stability indicates that the
system is resistant to changes in its dynamics and external influences. In this model, the authors
considered a commensal model with limited resources and involving harvesting in two
ways(constant rate and variable rate).All nine equilibrium points are classified separately
Interdependent and Non Interdependent cases. Global stability of this model is examined and
established by designing an appropriate liapunov function.

2. BASIC EQUATIONS OF THE MODEL

A harvested commensal- host mathematical model at constant rates and variable rates are formed by

dN

d_tl:(1_11)a1N1_a11N12+(1_/1)a12N1N2_a11H1

sz 2

v =(1-4,)a,N,—-a,N,"—a,,H, (2.1) Here Nau(t)

and Na(t) stand for Commensal and Host growth rates respectively. The natural growth rates of
Commensal and Host species are referred asa,, a,. a,, is the Commensal species flourish rate . ai1,

. . . a .
a2 are the two species' decline rates due to natural resource restrictions. Ki=—-, i =1,2 stands for the
a..

Ni s carrying capacities.C:% represents coefficient of commensalism. h: = a;x Hi denotes a
1

constant harvesting rate of the Commensal. h2 = a2, Hz denotes a constant harvesting rate of the Host.
A1=hi/a; is decease in Commensal due to harvesting. A>=hy/a, is decease in host due to harvesting
and m is the constant characterized by the cover which is provided for the commensal species with
the conditions (0<Ai<1).

7895



A Harvested Commensal-Host Mathematical Model -Global Stability Analysis

3. THE EQULIBRIUM STATES

Nine equilibrium points are obtained and categorized as two types based on Interdependent
Harvesting rates and Non Interdependent Harvesting rates

Type (1): In the case of Interdependent Harvesting rates

Case (a): When |, _1 {(1 K, +c((1 LK, -t ” H, <= ﬂg)Kz

1-%)K,
B N7=[(1—4)K1+(1—z)c[(1—@)&—(1_'12) ]] T
2 K +(1-2)C| (1 K,-—2—
+ )(( K, (1_/12)sz
H,
1-24,)K, - LK,
- H
E2: N = H, N, =(1-4,)K, ——2—
o - A)K, + (- A)c[(l 2K, ] TRk
TEZATS

. 2
Here E1 and Ezexist only when ((1-4,)K,)" > H,

2
and| (1— _ _ - H
{(1 4K+ (A ﬂ,)c[(l A)Ky A= L)K H >H,
2

Type (2): In the case of Non-Interdependent Harvesting rates

3(1— 1) (1—2,2)CK2T "y (a-2)k, )2
» Fo f

1
Case (b): When H, > =| (1- 1)K
(b) 1>4{< 2Ky + ;

Eo: - - iz)Kz)

(- 2)0 + A= D[ @2k, -
2

this would exists only when ((1—/12)K2)2 >H,

2 2
Case (c): When H, < [(1 M) K, + (1/1)(1‘/12)0'(2} ., < A2)K]

4 2 4
O (e A e " S
1= 17 (1-49)Ko (L- 4K, + (1-4)CHp * "2 (1-22)K2
15 @ 22Ky

2
_ _ - (1-2)CHy
this would exists only when ((1 ’11)K1+(1—12)K2) >H,
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. — H N H2
Es: N, = 1 P Ny= 2
B (1-1)CH3 2 (1-)Kp
A=Ak i,
1- 1)K 4 G-ACH2
Ee - W:( A) 1" @)Ky No- H2
T 2 T2 (-p)Kp

1 1-2)(1-2)C Ko P K2
Case (d): When H1<Z[(1—A)Kl+%} H, - 52

- (1-2) -22) K
Er: le((l—ﬂl)Kl . .

)_ Hy ) N_2: (-22)K2
(1-4)(1-12)CKy 2
(14K, + EDERIK2

2
this would exists only when ((1—21)K1+%) >H,

_ H —
. 1 . _ (=M)Kz
Es:N DA CKy * V277

U a-a)K s T

2 —
Case (e): When H, :%[(1_21)}%+—(1—z)(1—12)cr<2] H, _ (k)2

2 4

o1 1-1)(1-4») CK L 1-20)K
E9.N1:E[(1—/11)K1+%]N2:%

4. LOCAL STABILITY

The authors invented local stability in many ecological models and also observed in this model at

H,

(1_12)K2 ]]_ Hz ;
(1-A)K;+ (1—/1)C((1—/12)Kz _(1—/12)K2]

E: :E:((1—12)K1+(1—z)C((1—42)K2—

N, =(1- 1)K __H is stable and also identified that all others are unstable.
i T A-A)K,

5. GLOBAL STABILITY

The equations of system over the perturbations (p1, p2) are

du _ o N - H, _ N
dt all(Nl (l—ﬂi)K1+(1—Z)CN2}M+(1 A)Cay; N1, (5.1)
a4, _ [ He

dt = azz(Nz (1_/12)K2J1u2 (5.2)
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The characteristic equation is (oz+a11 [Wl— H, _DLOH%Z (N_Z_LD:O
(1-4)K,+{@-2)CN, 1-A)K,

R D _ H,

ie.,a +[a22[N2 (1_12)K2J+aﬂ[N1 (1—]1)K1+(1—/1)CN_2J]0[

N Hl N H2 —
+a”a“(N“(1—21>K1+(1—z)c:N_J(N2 (1—12)K2) ° )

equation (5.3) is in the form of a® +Pa+Q =0

where P = a,, [Nz —LJ+ a, [Nl - H, _j
1-4)K, (1-A)K;+(@1-A)CN,

where Q = a,,a,, [Nl - a, _j(ﬁz —LJ
(1-4)K; +(@1-2)CN, 1-A)K,

By using

{a'zz (Nz - HZ j-l— ay, [Nl - Hl —J]
(1-4)K, (1-4)K +{1-2)CN,

_ H, N,__ Mo
> 4%2311('\'1 T (1-A)K, +(1—/1)CN_2j[N2 (1—42)Kz]

Thus, Pand Q > 0.

.". Hence, the necessary conditions of Liapunov are satisfied.

Define L(zy, 1,) :%I:A,ulz +2B 1 1, +C ,uzZ]

Where
a,,’ [Nz —2J +a,,a,, [Nz —HZJ(E - H, _j
1-4,)K, 1-2,)K, (1-4)K; +(1-2)CN,
A= - (5.4)
(1-A)Ca, a W(Nz—sz
B 1-4,)K, (55)

D
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2| NI Hl i _ 2 o2
a; {Nl_(l—ﬂl)Kl+(l—l)CN_2j +[(1 ﬂ)C] a N1

D

a,,a,, [Nz —Hz](ﬁl - Hl —j
(1_12)K2 (1_11)K1+(1_1)CN2
D

C=

+

(5.6)

Where

N Hz N H1
D‘PQ’[%(NZ_(l—@)KJ”“[Nl (l—ﬂl)Kﬁ(l—ﬁ)CN_z]]

x{azzan(ﬁl_ Hy _j(ﬁz_—'*z H
K+ - 2CN, | @K,

Now

DZ(AC—BZ) =

a‘zz2 (Nz - HZ j +a,8, (Nz - HZ j[ﬁ1 - H1 _J
D - 1)K, (1-1)K, (1-2,)K, + (- A)CN,

D
_ , ,
— —2
aiz[Nl— L _} +((1-4)C 2aizN
|\ @-A)K+@-A)CN, ( Faut
D
ey Gy
auazz N2 — N; - —_—
N 1- 1)K, - 4)K, +(1-2)CN,
D

—_ — H 2
(1-A)Ca,a, Nl[Nz - 2 j
1-24,)K, }

D

:>D2(AC—BZ)>0 ie,B?~Ac < 0
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The function L( 4, 1, )is positive definite.

Further

oL du . oL du, _ — H, _
+ =(Aw, +B - N, — — (1, +(1—-4)Ca, N

o ¥ ﬂZ)( a“[ K - oo, T A N

— H,
+(Bﬂ1 +Cﬂz){_a'zz (Nz _mjﬂzj

id,ul_'_ oL du,
ow, dt  Ou, dt

— — H — H
-2)C — — 1 N 2
(A(l )Ca;, N, Bau[Nl (1_%)K1+(1_1)CN2J Bazz(Nz (1_/12)}(2]}#1#2
+| B@L—4)Ca, N, —ca N ||, (5.7)
all 1 22 2 (1—2,2)K2 ILlZ *

Putting the values of A, B and ¢ from (5.4), (5.5) and (5.6) in (5.7)

wegeti dﬂl+ oL di, =—(2,ul2+2,u22)
Ow, dt JOu, dt D D

eidﬁﬁ+8|— du,
o, dt Ou, dt

= _(/Ji2 + /122 )
It is observed that The function is negative definite.
Thus L (,ui, ,uz) is Liapunov function for the linear system.
Now we observe that L (4, 4,) is also a Liapunov function to the considered system

Define U (Nll Nz):(1_21)a1N1_a11N12+(1_ﬁ')a12N1N2 _a11H1
\% (Nl’ Nz) :(1_%)32N2_a22N22_a22H2

By putting N, =N, + 4 and N, =N, + 4, in (5.1) and (5.2)

d — H _
U(N,, N,)=——"2=— N;— L — 1-1)Ca,, N ,
( 1 2) dt a11|: 1 (1—11)K1+(1—/1)CN2]L11+( )Cay, 1/U2+u(,u1 :uz)

d — H
V(Nl, NZ):ﬁ:_aZZ {Nz—m} ﬂz +V(,U_L, /,12)
2
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where u (s, p,)= —ay, i +ay, wu, and V(s 1) = —A

Now

oL oL 2 2

au +$V = (1" + ")+ (Auty + Ba) U(ey, p1,) + (Bt +Cp) V(e 1)
2

From the polar co-ordinate system,

iU +$V =-R*+R[(acos@+bsing) u(u,, 1,)+ (bcosd+csin O) v(u, i,)

Oty Ot

T

he largest number among | a|, |b|, |c| can be taken as M, our assumptions meet that

|u(ul,u2)|<%and |v(ul,,u2)|<% for small R >0

So —U+—V<-r’+

oL, . . oL 4Kr?  r?

-—<0
o,  ou, 6K 3

Hence, L (s, ,uz) Is a positive definite function by satisfying the property that

iU +iv iS negative definite

Oty Oty

6

. Thus asymptotic stability is established at the equilibrium point Ez

. Conclusions

In this research work, the authors effectively established a specific commensal model of two species
(Commensal-Host) in syn eco-system with harvesting in both ways(constant rate and variable rate)
.The nine equilibrium points are derived with necessary conditions for their existence and also
characterized by Harvesting rates under Interdependent and Non Interdependent cases. The global
stability of this ecological model is successfully established with Liapunov Technique.
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