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Abstract
A graph labeling is an assignment of integers to the vertices or edges or both
depending on certain conditions. A graph G with p vertices and g edges is said to admit I,,-
mean cordial labeling if the vertex labeling h from V(G)to 1[I,, where
I, ={0,+1,%2,...,£(n— 1)} induces the function h* from E(G) to I, ash*(xy) =

[—h(x);h(y)] with the condition that |v;, () — v, ()| < 1 and |ep-(i) —ep-(D| < 1forall i,j € I,. A

graph with I, - mean cordial labeling is called an I,, - mean cordial graph. In this paper, we
prove that path graphs, cycle graphs, complete graphs, wheel graphs and friendship graphs
are I, - mean cordial graphs. Further, we prove that path graphs, cycle graphs are I; - mean cordial
graphs.
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1.Introduction

All graphs considered here are finite, simple, connected and undirected. A graph labeling is a
function that carries the graph elements to a set of numbers. The labeling is called a vertex
labeling(or an edge labeling) when the function's domain is a set of vertices(or edges). Cahit
proposed the notion of cordial labeling in 1987 as a weaker version of graceful and harmonious
labeling [2]. Several authors investigated the cordiality behaviour of various graphs. Some cordial
labeling variations have been introduced such as prime cordial labeling, edge cordial labeling,
product cordial labeling, integer cordial labeling, mean cordial labeling, k -cordial labeling and so
on. The idea of mean cordial labeling was introduced by R. Ponraj, M. Sivakumar and M.
Sundaram [5]. Let h be a function from V(G) to {0, 1, 2}. For each edge xyof G, assign the label

[—h(x)“;h(y)]. The function h is called mean cordial labeling of G if |v,(i) —v,(j)| <1 and

len~(i) —ep~(j)| < 1 for all i,j € I,,, where v, (i), e,~(i) denote the number of vertices and edges
labeled with i respectively. Motivated by this concept we introduce a new labeling called I, — mean
cordial labeling and we investigate I,, I; - mean cordiality of some standard graphs. In this section
we provide a summary of definitions required for our investigation.

Definition 1.1. Let G = ((V(G), E(G)) be a simple graph and let h: V(G) — I,, be a function, where

I, ={0,+1,%2,...,£(n — 1)}. For each edge xy, assign the label h*(xy) = [w] The

8055


mailto:emijaspin@gmail.com
mailto:sudhanaarun1985@gmail.com

D. Jaspin Jeba, G. Sudhana

function h is called I,,- mean cordial labeling if|v, (i) —v,(j)| <1 and |e,-(i) —ep=()| < 1
forall i,j € I,,. A graph with I,,- mean cordial labeling is called an I,,- mean cordial graph.
Definition 1.2. The wheel graph W, is defined to be the join K; + C,. The vertex corresponding to
K; is known as apex and the vertices corresponding to the cycle C,are known as rim vertices while
the edges corresponding to the cycle are known as rim edges.

Definition 1.3. The friendship graph E, is a graph which consists of n triangles with a common
vertex.

2. Main Results

Theorem 2.1. The path graph B, admits I, - mean cordial labeling.

Proof.Let G = P,. Let x; be the vertices of G and let E(G) = {x;x;41:1 < i <n — 1} be the edge
set of G. Define h : V(G) — I, as follows:

Case(i):n = 0 (mod 3).

n
{ 1 iflsisy

N - 2n
h(a) = =1 ifs+1sis—
2n
l 0 if?-l- 1<i<n
In this case, h will induce the map h*: E(G) — I, and we get v, (i) = %for all i €l,;
ep+(0) = ey (—1) = %and ep(1) = % -1
Case(ii):n = 1 (mod 3).
1 if 1<i< [E]
- 13

h(x) = { -1 if[g] +1<is< [Z?n]

2n
L o if[?]+1SiSn

In this case, we have vy, (1) = E] v, (0) = v, (—1) = BJ ey (i) = 713;1 for all i € I,.
Case(iii):n = 2 (mod 3).

Here, label the vertices of G as in case(ii). Then we have v, (1) = v,(—1) = E] and

-1 -1

v,(0) = [3] 5 e (0) = (1) = || andey- (-1) =]

Thus in each case, we have |v, (i) — v, ()| < 1and |e,-(i) —ep-(G)| < 1foralli,j €
I,.Hence, B, is an I, - mean cordial graph.
Theorem 2.2. The cycle graphC,, admits I, - mean cordial labeling.
Proof. Let G be the cycle graph C,. Let x;(1 < i < n) be the vertices of G and let E(G) =
{xixi;1:1<i<n-—1}U{x,x;} be the edge set of G. Now, label the vertices of G as in Theorem

2.1. Then the labeling h will induce the map h* : E(G) — I, and we get v, (i) = ep-(i) = %(i €
L)for n.= 0 (mod 3); v, (1) = e;-(1) = [5| and v,(0) = v, (1) = €4-(0) = ey-(~1) = |3

forn = 1 (mod 3). Alsov, (1) = v,(=1) = e,:(1) = ep(~1) = E] and v,(0) = e-(0) = BJ
forn = 2 (mod 3).
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Thus in each case, we have |v,(i) —v,(j)| <1 and |ep-(i) —ep-(G)| <1 for all i,j €

I,.Hence, C, is an I, - mean cordial graph.
Theorem 2.3. The complete graph K,, admits I, - mean cordial labeling.
Proof.Let G = K,,. Let x;(1 < i < n) be the vertices of G. Define h : V(G) — I, as follows:
Case(i):n = 0 (mod 3).

In this case, label the vertices of G in any order in such a way that v, (i) = % forall i € I,.Then
we have e,-(i) = @ forall i € I.
Case(ii):n = 1 (mod 3).

Here, label the vertices of G in any order with v, (0) = E],vh(l) = v,(-1) = EJ.Then the

number of edges labeled with i € I, are e,-(i) = “22.

6
Case(iii):n = 2 (mod 3).
Here, label the vertices of G in any order with v, (0) = El,vh(l) = v,(—-1) = E] Then the

number of edges labeled with i € Lare e,-(1) = ey-(—1) = ["("6_1)J, ep-(0) = [”("6_1)].

Thus in each case, we have |v, (i) —v,(j)| <1 and |ep:(i) —ep<(j)| <1 for all i,j €

I,.Hence, K,, is an I, - mean cordial graph.
Theorem 2.4. The star graph K; , admits I, - mean cordial labeling.
Proof. Let G be the star graph Ky ,,.Letx,x; (1 < i <n) be the vertices of G. Then E(G) = {xx; :
1 <i<nlis the edge set of G. Now, label the vertex x by 0 and the vertices x;(1 <i <n) as
follows:
Case(i):n = 0 (mod 3)

In this case, label the vertices x; (1 < i < n)of G in any order in such a way that v, (0) =

241,
3
v, (1) = v, (1) = %for all i € I,. Then the number of edges labeled with i € I, aree,-(i) = %
Case(ii):n = 1 (mod 3)

Here, label the vertices x, (1 < 7/ < z)of & inany order with
v;(0) =v,01) = [%],V/Z(—l) = [%J Then we have ¢ ,+(1) = [%].6/1*(0) =¢,(-1) = [%J
Case(iii):z = 2 (7o 3)

In this case, label the vertices of & in any order with z,(/) = E] for all 7/ € /,. Then the

number of edges labeled with 7/ € 7 ,are e ,+(1) = ¢ ,+(-=1) = E] e ,(0) = EJ

Thus in each case, we have |7,(/)—7,(/)|<land |e ,.(/)—e, (/)| <1 forall
[,/ €/,Hence, A, isan / , - mean cordial graph.
Theorem 2.5. The wheel graph /#;, admits / , - mean cordial labeling.
Proof.Let & = . Let x be the apex vertex and let ., (/ </ < ) be the rim vertices of & and
let £(&)={xx,;:1<7 <n}U{r,r,;,;11<i<n-1}U{r,r,} Dbe the edge set of &.
Define /2 : V(&) - /7 , as follows:
Case(i):7z =0 (7ed  3)

In this case, label the apex vertex by 0 and the rim vertices as in Theorem 2.1. Then we have
2,0 =2+1L0,0) = v,(-1) =2 ¢,(/) =2 forall/ €/,
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Case(ii):7z =1 (md  3)
(1 7 1si<[4
A(x) =0, A(r,) =—land 4(x,) = 4 -1 [f+1ss <|F .
Lo v |[E=i<n-1
Here, we have 2,(0)= »,(1) = [%],z//z(—l) = [%J ;e (0) = e, (1) = [%”]and
Case(iii):zz =2 (7mod  3)
Here, label the vertices of & as in case(ii). Then, we have »,(0)= »,(1) = E]
n 2 2
vi(-D= 5] s @ =ep@ =|F|and e, (-1 = [F].
Thus in each case, we have |v,(/)—v,(/)|<1land |e,«(/)—e, (/)| <1 forall
7,/ €/,Hence, W, isan /, - mean cordial graph.
Theorem 2.6. The friendship graph #,, admits / , - mean cordial labeling.
Proof. Let & be the friendship graph #,,. Let v ,x,, v, (/ <7 < n) be the vertices of & and let

F&)={xx;,,xy;,x,v;,:1<7 < n} betheedge set of &. Define %z: V(&) — 7/ , as follows:
Case(i):7z =0 (7mod 3)
0 1<i <2

A(x)=0, A(x,) = ”  andz(y,) =
1 7 ?+1S1' <n

1y 1</ <%

-1 %+1S1’S72

In this case, we have »,(1) = v,(-1) = [2”;1] and 2 ,(0) = [2”3+1].

Case(ii):7z = 1 (nad 3)
2(7 — 1)
3

</ <n-1

0 7 1</ <

/(xr) =0, n(x,;) = om +1

1 1</

a2(y;) = , A(x,)=1and £2(y,) = -1

. +2 .
—1 ”TSZ <n-1
27+1

Here, we have v , (/) = 2

Case(iii):7z =2 (mod  3)
Here, label the vertices of ¢ asincase(i)for 1</ <» —2 and
h(x ) =h(x,) =140 ,0) =4(,)=—1 In this case, we have 2,(0) = |==| and

i) = v; (=D = [

Also in each case, we get ¢ ,«(/) =~ forall / € /,. Thus in all the cases, we have
lv,(0)—v,(/)| <land |e,«(7)—e, (/)| <1lforall 7,/ € /,Hence, #, isan /,-mean
cordial graph.

forall 7/ € /,.




I,,- Mean Cordial Graphs

Theorem 2.7. The path graph 2,, admits / ;3 - mean cordial labeling.

Proof.Let & = 2,. Let x, be the verticesof Gand let £(&) = {x, v, 1: 1 <7 < 7n —1} bethe
edge set of G. Define /2: V(&) — / , as follows:

Case(i):z =0,1ar 4 (mod 5).

( 7
1 l/“ 1</ < [g]
2 7 g viss <[]
7 | ti=i =3
2 3
h(x;)=14 -2 i [?”]+1Sz' s[?”]
1/ [3n]+1<,<[472]
7 |5 = >3
 [A7 ,
L 0 Z/F [?] +1</7 <n
In this case, the number of vertices and edges labeled with 7 € / 5 are as follows:
vi(0)=2( €73), ep) ==, e (0) == (7 =0,-1,£2)for 2 =0t 5);
n N |72l —n N _n-l.. — .
V/l(l)z[g],v/z(z)—[SJ(z =0,-142), e4(/) ="=(/ € /y)forn =1 (mad 5);

i =[gle =112, v ©=|¢|ert) - [~ =122,

e (7)== =01)forn =4 (ma 5).
Case(ii):7z =2 (mad 5).

(sl

2 [%]+1szs[%”]+1
37 4n

-1 7 [?]+1S1'§[?]

Y7,
0 J[?]+1SZS7Z

\

In this case, we have z,(7) = [%] (/ =1,2),v,0() = EJ (/ =0,—-1,-2),
er@=|

Case(iii): 7z = 3 (nad 5).

72_
5

1],6:/2*(1') - [”T_lj (7 =0,41,-2).
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7
Ly o1 <[]
2 7 [gvrse 5[]
A R I
27 3n
aen =42 7 [g|risso g
1 [3”]+2<-<[4”]
7 15 = =75
Y )
L 0 Z/C [?]-Flfl <n
In this case, we have

i) =[5 =12-2,0,0) = [5|¢ =020 = [’%1] (7 =22, ,(7)

= [” = 1] (/ =0,+1).

Thus in each case, we have |v,(/)—v,(/)|<1and |e (/) —e, (/)| <1 for all
/,] €/,Hence, 2, isan / ;- mean cordial graph.
Theorem 2.8. The cycle graph¢,, admits / 5 - mean cordial labeling.
Proof. Let G be the cycle graph ¢,. Let ¥, (1 </ < ) be the vertices of G and let £(¢&) =
{r,x,1:1<7 <n-1}u{r,xr,} be the edge set of G. Now, label the vertices of G as in
Theorem 2.7. Then number of vertices and edges labeled with 7 € / 5 are as follows:

v,(i)= e, ()= %forallz’ €/3 n=0(wod 5)

va(0) = ep(0) = |7 —o-112
=177 =0-1+

forz =1 (7od 5)

ol =12

v(l)=ep()= 2l fornz =2 (md  5)
[z =0-1-2
ol =142

vi)=epr(U)=0 . forz =3 (mod 5)
[z =01
do =1112

vil)=ep(C)=9 forn = 4 (mod  5)
5]z =0

Thus in each case, we have |7 ,(/)—v,(/)| <land |e,«(/)—e (/)| <1 for all
/,7 €/, Hence, C, isan /3 - mean cordial graph.
Theorem 2.9. The star graphA47 , admits / 3 - mean cordial labelling if and only if 7z < 4.
Proof. Let G be the star graph 47 ,. Let x,x, (1 <7 < n) be the vertices of G . Then £(&) =
{rx,: 1<7 < n}isthe edge set of G.
If 2 < 2, the result is true by Theorem 2.7. If 7 =3 o 4,label 42 (x) = 1, 42(x1) =0,/4(x,) =
-1,/ (x3) =2,/ (x,) = —2. Here, G satisfies the vertex and edge conditions.

Suppose that & admits I3 — mean cordial labeling h for all 7 > 4. Then /4 (x) # 0; otherwise
e 2)=e,(=2)=0. Now, if 2(x) =1, e (=2)=0; if £A(x)=-1, e,2)=0; if
n(x)=2,e,(-1)=0;if 2(x)=-2,¢,+(1) =0.
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Thus in each case, we have |e ,«(¢ ) — e ,+(/ )| > 1forsome 7,/ € /3. Hence, A7, isan
/ 3 - mean cordial graph.
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