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ABSTRACT
The binary quadratic Diophantine equation represented by the negative pellian y2 =10x% —54 is

analysed for its non-zero distinct solutions. A few interesting relations among the solutions are given.
Further, employing the solutions of the above hyperbola, we have obtained some second order Ramanujan
numbers and solutions of other choices of hyperbolas, parabolas.

Keywords: Binary quadratic, Hyperbola, Parabola, Integral solutions, Pell equation.

2010 Mathematics subject classification 11D09

INTRODUCTION:
The binary quadratic equations of the form y2 = Dx? +1 where D is non-square positive integer has

been selected by various mathematicians for its non-trivial integer solutions where D takes different
integral values[1-4]. For an extensive review of various problems, one may refer [5-10]. In this

communication, yet another interesting equation given by y2 =10x% —54 is considered and infinitely
many integer solutions are obtained. A few interesting properties among the solutions are presented.

METHOD OF ANALYSIS:
The negative pell equation representing hyperbola under consideration is

y? =10x* —54 (1)
The smallest positive integer solutions of (1) are, X, =3,y, =6.

Consider the pellian equation y* =10x* +1 )
The initial solutions of (2) are X, =6,y, =19.

The general solution (X, Y,) of (2) is given by

X, :ﬁgn, Y, :% f, where f, :<19+6\/E)n+l +<19—6\/E)n+l

g, =(19+6v10)" —(19-610)"
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Applying Brahmagupta lemma between (X,,Y,) and (X,,¥, ), the other integer solutions of (1) are

givenby X —§f +ig
n+1 2 n \/E n
15
yn+ :3fn + gl’]'
' J10

The recurrence relations satisfied by the solutions x and y are given by

Xp3 —38X,., + X, =0

n+3

Yoz — 38yn+2 t Y= 0.
Some numerical values satisfying (1) are given in the table below:

Table 1: Numerical values

n Xn Yn

0 3 6

1 93 294

2 3531 11166
3 134085 424014

From the above table 1, we observe some interesting relations among the solutions which are presented
below:

e  Xpisalways odd and y, is always even.

e One can generate second order Ramanujan numbers choosing x and y values suitably. A few
illustrations given below.

Illustration 1:

X1=93

=1*93=3*31

= 47%- 462 = 17%- 147

— 477+ 142= 177 + 46° = 2405

Thus, 2405 is a second order Ramanujan number.
Illustration 2:

X2 = 3531
=3531*1=3*1177=11*321 =33 * 107

= 1766° —1765” =590° —587° =166° —155° = 70* — 377
Now,

1766° —1765° =590% —587°
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= 17667 +587% =590% +1765% = 3463325

1766° —1765% =166° —155°

=1766° +155° =166° +1765% = 3142781

1766° —1765% = 70% — 372

=1766% +37° =70% +1765% = 3120125

590% —587° =166° —155°

=590° +155% =166° + 5877 = 372125

590% —587% =70 — 377

=590% + 37 =70” + 587 = 349469

166° —155> =70 - 37°

=166% +37% =70% +155° = 28925

Also,

3531*1=3*1177

= (3531+1)° +(3-1177)* =(3531-1)’ + (3+1177)* =13853300
3531*1=11*321

= (3531+1)° +(11-321)* =(3531—-1)* + (11+ 321)° =12571124
3531*1=33*107

= (3531+1)° +(33-107)* =(3531—-1)’ +(33+107)* =12480500
3*1177=11*321

= (3+1177)* + (11-321)% = (3-1177)? + (11+ 321)% =1488500
3*1177 =33*107

= (3+1177)% + (33-107)% = (3-1177)? + (33+107)* =1397876
11*321=33*107

= (11+321)% +(33-107)® = (11-321)* +(33+107)* =115700

Thus, 3463325, 3142781, 3120125, 372125, 349469, 28925, 13853300, 12571124, 12480500, 1488500,
1397876 and 115700 represent second order Ramanujan numbers with base numbers as real integers.
Illustration 3:

Xo = 3531

=3531*1=3*1177=11*321 =33 * 107
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Now,

3531*1=3*1177

= (3531+i)° +(3-i1177)* =(3531—i)* + (3+i1177)* =11082640
Also,

3531*1=3*1177

= (i3531+1)" +(i3-1177)* =(i3531-1)" +(i3+1177)* =-11082640
3531*1=11*321

=(3531+i)° +(11-i321)" =(3531—i)" + (11+i321)* =12365040
Also,

3531*1=11*321

= (i3531+1)° +(i11-321)* =(i3531-1)* + (i11+ 321)° = -12365040
3531*1=33*107

= (3531 +i)° +(33-i107)* =(3531—i)” + (33 +i107)* =12457600
Also,

3531*1=33*107

= (i3531+1)° +(i33-107)* = (i3531—-1)* + (i33+107)° =—12457600
3*1177=11*321

= (3+i1177)° + (11-i321)% = (3-i1177)% + (11+1i321)? = -1488240
Also,

3*1177 =11*321

= (3i+1177)* + (11i — 321) = (3i —1177)? + (11i + 321)? =1488240
3*1177 =33*107

= (3+i1177)® +(33-i107)? = (3—i1177)* + (33 +i107)* = —1395680
Also,

3*1177 =33*107

= (3i +1177)% + (33i —107)? = (3i —1177)? + (33i +107)? =1395680
11*321=33*107

= (11+i321)* +(33-i107) = (11-i321)* + (33 +i107)* = -113280

Also,
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11*321=33*107

— (11i + 321)% + (331 —107)2 = (11i — 321)2 + (33i +107)° =113280

Thus, 11082640, -11082640, 12365040, -12365040, 12457600, -12457600, -1488240, 1488240, -
1395680, 1395680, -113280, 113280 represent second order Ramanujan numbers with base numbers as
Gaussian integers.

Each of the following expressions is a nasty number

1.

10.

11.

12.

13.

14.

5[49X2n+2 — Xyp,5 +54]

Fll[laelx2n+2 — X,y,4 +2052]

4
§[5X2n+2 —Yonio T 9]
2
5_7[310X2n+2 - 2y2n+3 + 342]

TZGZ%[HWOXZM —2Y,.., +12978]

é[lsﬁlx2n+3 — 49x,, ., +54]

2

5_7[10X2n+3 - 98y2n+2 + 342]

2

5[310X2n+3 —98Y,0.3 +18]

2

5—7[1177Ox2n+3 —98y,,., +342]

%%[mxw —3722y,.,, +12978]

537[310X2n+4 —3722y,, ., +342]

= Xones — Yonea +
2[11770 onsa —3122Y,,., +18]

1
§[y2n+3 _31y2n+2 +108]

1
E[y2n+4 —-1177 Yoni2 T 4104]
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1[31y ~1177y,, ., +108]
9 2n+4 2n+3

Each of the following expressions is a cubical integer

1.

10.

11.

12.

13.

14.

15.

2_]-7[49X3n+3 — Xgnea T 147Xn+1 - 3Xn+2]

ﬁ[:wm-xsms — Xgp,5 +9983X,,; - 3Xn+3]

2
5[5X3n+3 ~ Yanis +15Xn+1 - 3yn+1]

2
m[155xsn+3 ~Yana t 465Xn+1 - 3yn+2]

2
@[5885)(%% — Yanis T 17655Xn+1 - 3yn+3]

1
o 11861y, — 49y, ; +5583K,., ~147X,.;]

2
m [5X3n+4 —-49 Yanis t+ 15Xn+2 —147 yn+l]

2
5 [155X3n+4 —49 Ysnia t 465Xn+2 —147 yn+2]

321[5885&“4 ~ 49y, +17655x,,, ~147y, ,]

2

% [5X3n+5 - 1861y3n+3 + 15Xn+3 - 5583yn+l]

521[155x3n+5 ~1861y,,,, + 465X,,; 5583y, ,]
3[5885x3n+5 1861y, . +17655x. ., — 5583y, ]

1
a [y3n+4 - 31y3n+3 + 3yn+2 - 93yn+l]

1
ﬁ [y3n+5 -1177 Yanes T 3yn+3 - 3531yn+1]

1
a [31y3n+5 -1177 Yanea T 93yn+3 - 3531yn-¢—2]
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Each of the following expressions represent a biquadratic integer.

1.

10.

11.

12.

13.

14.

15.

2_17[49)(4n+4 — Xanss +:I-96X2n+2 - 4X2n+3 +162]

—10126 [1861X,,,, — X406 + 7444X,,., — 4X,,., + 6156]

2
5[5X4n+4 - y4n+4 + 20X2n+2 - 4y2n+2 + 27]

2
m[155x4n+4 ~ Yanes T 620X2n-¢—2 - 4y2n+3 + 513]

6—4289 [5885X,,.4 — Yans + 23540X,,., —4Y,,., +19467]

2—17[1861x4n+5 — 49X, + 7444, —196X,, ., +162]

%[5X4n+5 - 49y4n+4 + 20X2n+3 _196y2n+2 + 513]

3[155X4n+5 —-49 Yanes T 620X2n+3 _196y2n+3 + 27]

F21[5885x4n+5 — 49y, . +23540x,, , —196Y, ., +513]

2 [5Xyp. ~ 1861, + 20X, — 444y, , +19467]

6489
2

1 [155%ar.s 1861y + 620K, — 7444y, +513]

5[5885x4n+6 ~1861y,, . +23540X,,,, — 7444y, , +27]

1
a[y4n+5 - 31y4n+4 + 4y2n+3 - 124y2n+2 + 324]

1
m[ymw _1177Y4n+4 + 4y2n+4 _4708y2n+2 +12312]

5i4 [31y4n+6 -1177 Yanes T 124y2n+4 — 4708 Yonis T 324]

Each of the following expressions is a quintic integer:

1.

2_]-7[49X5n+5 — Xgni T 245X3n+3 - 5X3n+4 + 490Xn+1 - 10Xn+2]
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10.

11.

12.

13.

14.

15.
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1056 012 S 118615 — Xy, +9305%y, s = 5Xy,, +18610X,,, ~10,,,]

2
5[5X5n+5 ~ Yonus T 25X3n+3 - 5y3n+3 + 50Xn+1 _loyn+1]

F2:|_[155X5n+5 ~ Ysnie t 775X3n+3 - 5y3n+4 +1550Xn+1 _1Oyn+2]

WZSQ[SBBSXSMS — Yoy + 29425%;, 5 — 5., + 58850, —10y,..]

1
E[l861x5n+6 —49x,, ., +9305x,,,, — 245X, +18610x,,, —490X,,,]

i[5XSn-¢-6 —49 Ysnis T 25X3n+4 —245 Yanes T 50Xn-¢—2 - 490yn+1]

171

3[155X5n+6 —49 Ysnie T+ 775X3n+4 —245 Yania T 1550Xn+2 —490 yn+2]

le[5885)(5n+6 - 49 Ysniz T 29425X3n+4 - 245y3n+5 + 58850)(n-¢-2 - 490yn+3]

64289_ [5Xs,,; —1861yy, 5 + 25X, — 9305y, +50X,., —18610y, ]

2

171[155x5n+7 —-1861y.,,, + 775X,,,s —9305y,,,, +1550x, ., —18610y,,]

5[5885x5n+7 —-1861y.,,, + 29425x,, .. —9305y,,.. +5885x,,, —18610y, ,]
1
a [y5n+6 - 31y5n+5 + 5y3n+4 - 155y3n+3 + 10yn+2 - 3:l'oym—l]
1
ﬁ [y5n+7 —-1177 Ysnis T 5y:’,n+5 —5885 Yanes T 1Oyn+3 - 1177Oyn+l]

% [31y.,., 1177y, ., +155y, .. —5885y, ., + 310y, , —11770y,,,]

Relations among the solutions are given below:

>

n+2 6ym—l +19Xn+1

> 19Xn+2 = 6yn+2 + Xn+1

> 72:l'Xn+2 = 6yn+3 +19Xn+1
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> X, =228y, +721X,,,
> Xy =12y, + X,y

> 121X, =228y, ., + X4
>  Y.,=60x.,, +19y

> Y, =2280x,,, +721y, ,

nel
> 19y ., =60x_, +721y,,
> 19X, =721X,., +6Y, ,
> X,.3=0Y,., +19X.,,

> 19X, =X, +6Y,.s

> 19y,,, =60X.., + Y.,

> Vo3 =120X,,., + You

> Yn,.3=60x.,+19y, .,

> T2ly,,,=60x.,+19y,
> 721y, =2280X .. +Y,.,

> 19yn+3 = 60Xn+3 + yn+2

Remarkable observations:
Employing linear combinations among the solutions of (1), one may generate integer solutions for other
choices of hyperbolas which are presented in table 2 below.

Table 2: Hyperbola

S.No Hyperbola (X)Y)

1 10Y 2 — X 2 =29160 (5%, —155X_ 49X, —X_,,)

2 2Y 2 —5X 2 =8421408 (X,,s —1177x, ., 1861, —X__,)

3 2Y?2 —5X 2 =162 (Yo = 2X0,0:9%000 = Yat)

4 Y2 -10X 2 =116964 (Yni2 —98X,,1,310%,,; =2y, )

5 Y2 —10X ? =168428484 (Ynis =3722%,,, 11770X, 1 = 2Y,,5)

6 2Y?2 —5X ? =5832 (31x,,, —1177x,,, 186X, — 49X, ;)
7 Y? -10X* =116964 (31y,., — 2X,.,,10x ., — 98y .,)

8 Y? -10X?* =324 (31y,., —98x.,,,310x ., — 98y, )
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9 Y2 10X ? =116964 (31y,.; —3722X,, 11770x,,, —98y,;)

10 Y2 —10X ? =168428484 1177y — 2X,,5 10X, —3722y 1)

11 Y2 10X ? =116964 A177y,., —98X,.5,:310X,,5 —3722y,,,)

12 Y2 _-10X2=324 (177y,,., —3722x,,,,,11770%,,,5 —3722y,..,)
13 5Y?2 —2X? =58320 (49Y 1 = Yoszs Yorz —31Y41)

14 5Y 2 —2X 2 =84214080 (1861y,,1 = Viizs Yoes —1177Y,41)

15 5Y?2 —2X? =58320 (186ly,., —49y,.;,31y,., —1177y,,)

Employing linear combinations among the solutions of (1), one may generate integer solutions for other
choices of parabolas which are presented in table 3 below.

Table 3; Parabola

S.No | Parabola (XY)

1 270Y — X ? = 29160 (X2 —155X,,1,49%,,,, — X5 +54)

2 2052Y —5X 2 =8421408 (Xos =1177X,,4 1861X,,., — Xy, +2052)

3 9Y —5X 2 =162 (Yo — n+1,5><2n+2 Yoniz +9)

4 171Y —10X ? =116964 (Vo2 —98%1,1,310%;,,, —2Y,,,5 +342)

5 6489Y —10X ? =168428484 (Ynis =3722%,,, 11770%,,,, — 2Y5q.4 +12978)
6 54Y —5X 2 = 5832 (31x,,, —1177x,, 1861x,, . — 49X, ., +54)

7 171Y —10X % =116964 GBly,. - 2Xn+2 10X,,,5 —98Y,,., +342)

8 9Y —10X 2 =324 (31y,,, —98X,,,,310%;,,5; —98Y,,,; +18)

9 171Y —10X %2 =116964 (31y,., —3722x,,,,11770x,,., —98Y,,., +342)
10 6489Y —10X %> =168428484 aarvy,, - 2xn+3 10x,,,, —3722y,,., +12978)
11 171Y —10X % =116964 1177y, —98X,,5,310X,,, 4 —3722y,,,; +342)
12 9Y —10X2 =324 1177y, ., —3722x_ 3 11770x,, ., —3722y,. ., +18)
13 135Y — X ? = 29160 (49Y 11 = Yniz» Yonrs — 31,0, +108)

14 5130Y — X % = 42107040 1861y, = Ynia: Yonra —1177Y,,,, +4104)

15 135Y — X ? =29160 (1861y,., —49Y,.5.:31Y,,., —1177Y,,,; +108)
CONCLUSION

In this paper, we have presented infinitely many integer solutions for the negative Pell equation
y2 =10x? —54 . As the binary quadratic diophantine equations are rich in variety, one may search for
the other choices of Pell equations and determine their integer solutions along with suitable properties.
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